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INTRODUCTION

This report summarizes the research progress made under contract
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RESEARCH OBJECTIVES

The objectives of the effort were to:

Develop a better understanding of the random processes which
degrade the coherence of light propagating through the
atmosphere.

Develop a first cut capability to process atmospherically
degraded images to obtain diffraction limited resolution.

To accomplish these research objects, the statment of work for this
effort delineated six tasks.

Develop mathematical models for the random speckle image
produced by atmospheric turbulence and by recording effects.

Develop equations for the second order statistics of a set of
speckle images.

Evaluate reconstruction performance in terms of algorithm
complexity and reconstruction accuracy.

Develop computational techniques from the reconstruction
equations with constraints describing the object's
characteristics.

Publish the results of analyses in relevant scientific
journals and at technical conferences.

Coordinate the speckle imaging techniques developed with
those of other researchers.




Although the feasibility of Speckle Imaging had been shown previously,
the models and algorithms used were the simplest possible. The
development of improved models and associated algorithms was necessary
as a basis for improved Speckle Imaging and for analysis of the
accuracy of the reconstructed images. These improved models were
developed by analytic and experimental means. These tasks emphasized
the development of models which allow for the natural variation of the
degradation and the development of speckle imaging algorithms which
estimate not only the underlying image but also the model parameters
or degradation conditions.




STATUS OF RESEARCH TASKS

The status of the research tasks will be discussed in terms of two
areas:

1. Non-isoplanatic Modeling

2. Recursive Algorithms

We have chosen to concentrate our research in these two areas because
they appear to have the greatest potential for improving the range of
applications for Speckle Imaging. The treatment of the
non-isoplanatic case will allow Speckle Imaging to be used over wider
fields-of-view in order to image extended objects. The development of
recursive algorithms will allow the use of generally available
mini-computers to process Speckle Images because they reduce the large
1/0 requirements of non-recursive algorithms.

Non-Isoplanatic Modeling

Our modeling efforts for Speckle Imaging under non-isoplanatic
conditions were designed to determine the nature of the degradation of
Speckle Images and the extent to which the underlying image can be
recovered. The two-point source wave-structure function and the
altitude dependence of the index-of-refraction structure constant were
used as the basis of the modeling. The first and second order
statistics of speckle images were derived. An analysis of the
information recoverable from these statistics has shown that
diffraction limited resolution can be obtained. Two important
assumptions, which are usually satisfied, were made:

1. The isoplanatic patch encompasses the average spread
function.




2. The greatest contribution to the atmospheric distortion comes
from turbulence at Tow altitudes.

Under these conditions, the aberrations of the telescope do not affect
the second-order statistics. Also, the integral equation relating the
object and measured second-order statistics is well conditioned.

These results were presented at the SPIE annual symposium and
published in the SPIE Proceedings, Yolume 243.

This modeling effort was continued. The parameters of the
mathematical model for the non-isoplanatic degradation are determined
from the index-of-refraction structure constant profile. A random
process model of the index-of-refraction structure constant profile
was used to derive the dependence on this profile of the function
which smooths the second-order statistics under non-isoplanatic
conditions. We found that for the purposes of this model the
atmospheric structure function was reasonably approximated by a
5/3-1aw model for all values of its argument. Simple useful models
were obtained for the smoothing function which describes the
non-isoplanatic conditions. These models were verified numerically.
We plan to submit these results to the Journal of the Optical Society
of America for publication.

The results of this modelling effort were used to develop a
restoration algorithm for non-isoplanatic Speckle Imaging. The
tradeoffs in computational complexity were examined. The Speckle
Imaging equations were formulated in a general framework based on
linear algebra to allow an examination of the many alternatives. We
plan to submit these results to the Journal of the Optical Society of
America and/or the IEEE Transaction on ASSP for publication.

Recursive Algorithms

The recursive algorithm development effort was pursued because it
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allows Speckle Imaging to be used for a wider range of applications.
Extended Kalman filter formulations were developed so that subject
image models can be introduced easily. For example, time evolutionary
models for solar features or restrictive models like limited spatial
extent can be used easily. The recursive nature of the algorithm will
allow the use of mini-computers for data reduction, because of the
removal of the requirement for storing the second-order statistics.
These second-order statistics require millions of words of
intermediate storage which must be accessed many times for
non-recursive algorithms, producing an 1/0 burden too great for most
mini-computer systems.

Recursive algorithms based on an extended Kalman filter approach have
been derived. A detailed analysis of the decomposition of the Speckle
Imaging equations into manageable subsets has been performed. The
decomposition has a "natural" format that results in very reasonable
computation requirements.

The evaluation of a one-dimensional example was started. An
oversimplication in the models led to singularity problems. In
finding the problem, we also found simpler forms for the Kalman gain
equations. These simplified Kalman equations were compared to a
recursive form of the least square algorithm previously developed.

We plan to submit these results to the Journal of the Optical Society
of America and/or the IEEE transaction on Acoustics, Speech, and
Signal Processing.
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Section l Introduction and Definition of the Problem
1-1 Definition of the Problem

A solution to the problem of reconstructing telescopic images whose
resolution has been degraded by passage through the turbulent
atmosphere has already been proposed with the process called "Speckle
Imaging“. Speckle Imaging is the reconstruction of diffraction
limited images from atmospherically degraded, multi-frame imagery.

The process of recording the images viewed through the telescope
introduces noise effects making the treatment of the turbulence
effects difficult. A model has been developed for both the turbulence
effects and the noise effects. With these two models and a data set
composed of images of the object, a speckle imaging algorithm provides
an estimate of the object. The algorithm previously reported [1] is
based on a least-squares method.

The goal of this effort was to develop a new algorithm in speckle
imaging in order to increase the range of applications. The new
algorithm should meet the three following requirements:
1) To be a real-time algorithm, treating each image when it arrives,
2) To allow the treatment of time evolutionary models for both the
object and the atmospheric statistical characteristics,
3) To allow the use of a mini-computer.

One of our main concerns for the use of a mini-computer will be the
reduction of data storage. The recursive nature of a real time

algorithm will aid in this reduction.

1-2 - Speckle Image Model

In the effort to demonstrate the feasability of the least-squares
algorithm, several simplifying assumptions on the speckle image model




were used and the new algorithm will be developed under the same set
of assumptions.
- The imaging is assumed to be isoplanatic which means the
speckle image from a point source is constant over the field of
view. This allows for the use of Fourier techniques to convert
convolutions into algebraic equations,
- very simplified mathematica) models for the statistics of the
point spread response are assumed,
- to avoid any analysis or question of degrading effects, the
imaging conditions are restricted to narrowband exposures of a
constant, bright object.

Models for the two principal sources of image distortion that occur
when using a ground-based telescope can be developed under the
previous assumptions. The first source is the turbulence of the
intervening atmosphere. The second source is the error or noise
associated with the physical measurement of the image and we shall
refer to it as the noise of measurement. This latter affects the
quality of the imaging less than the former, but it is its presence
which has previously made the correction for the turbulence difficult.

Model fg: the Turbulence Effects:

For simplicity, consider incoherent imaging over an isoplanatic patch.
The image can be expressed as a convolution of the object and a point
spread response function.

:',c(xjt)=ﬂ-0(3>s(5-3,t]alﬁ (1)

where ic (x,t) is the formed image, o(Ad) is the object, and s(x,t) is
the point spread response. The point spread response depends on the
optical system and the phase delay and amplitude disturbance processes
caused by turbulence. Let S(z,t) be the optical transfer function
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corresponding to s{x,t), that is,

S(2,0)= £ st )= [agpz1ap)exrlyorrrjoe)
exp[j&é’*z,f)*/,d/ﬁ@ﬂ/*/ﬁ, [)?/Ja?) [ja/,é

where
al+ ) is the aperture function of the telescope,
68(+ ) is the phase aberration function of the telescope

,f(',‘) is the log-amplitude disturbance at the aperture caused by
turbulence,

f(',‘) is the phase delay disturbance at the aperture caused by
turbulence,

and F,{ .‘} indicates Fourier transform with respect to x.

The random properties of the function S(gjq}will be characterized by
its mean S¢z) and covariance Sg(z,,zl).

Assuming the usual Gaussian distribution for,[ and ﬂ/allows the mean
and covariance of S(z,t) to be written in terms of the wave structure
function D(»)}. Using the results of Fante [2], the mean and
covariance of S(z,t) are well approximated by

Stz = el 20 [Jaig2)aiprerely G2 g8t 2)ls 1o

and

S:S(Z,,_Zl)=/]oo/o:(,ﬂ,*_2,)a%)a/fﬁ;gl)a//;;,) (4)

R S , e, MJ/_ZLJ/
explsour2)j08) 5 02,) 506 ) o) T
D(E-[?,4.Z_,)+1)(ﬁ,--/%-£i)-ﬁfﬂ ., )-DI8 L5 1_2,}{#- J)( Iods

61/0['

1 -
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For the mean jg(g), the effects of the atmosphere and of the
telescope separate into a product form. E;TZ} is dominated by the
exponential factor and decays to zero rapidly as the spatial frequency
increases in magnitude. For the covariance E;(Z,,Zz), the expression
(4) is quite complex.

However, the Fourier transforms of astronomical data were studied and
the analysis of their first and second order moments have shown that
the characteristics of the statistics of the point spread response are
reasonably simple in spite of the complex nature of (3) and (4).
Therefore, ad hoc approximations to (3) and (4) were developed; these
approximations have the same general characteristics as the data.

The mean S(g was approximated by a gaussian function,
' JZ] \*
S(Z) =~ 67/9[“ (70”) ] (5)

whose width was proportional to the correlation distance, r,, of the

complex disturbance in the aperture plane resulting from the
turbulence. r is small compared to the diameter of the aperture D.

The approximation of the covariance was proportional to the product of
two factors.
- one that models the narrowband dimensions of the covariance and
the effects of decorrelation across the aperture:

i)

This term exponentially decreases with increasing distance from
the plane z -2z =0.

- another one that models the broadband dimension of the
covariance:

(1-Lal _ 5(aE)
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The f;( Z, ) term models the effect of removing the mean in
the covar1ance The remainder of this second factor approximates
the ideal diffraction limited optical transfer function.

Let the covariance of the optical transfer function be denoted by
- (z t)-5(2,))(S(2,,¢t)-5(z JB
SS(ZUZJ) — E[{S(_,)t) S _,)) 2) 27 )(6)

Because of the symmetry properties of the Fourier transforms of real
functions, it is also true that:

S /) 2)‘5 /5/"-/)[‘) S(Z))/S[ Z—U[/ 5/2))‘1—2(7)

Model fE[ EEE Noise Effects

Although the formed images é;(th} of (1) are instantaneous
functions of time, there is some finite exposure (i.e., averaging)
time involved in their measurement. We assume that these times 47 are
short enough to “freeze" the turbulence effects and this will allow us
to apply (1) for these time-average images:

74l
i T) =i [ (®)
741

and to obtain: 2
L/x //O//\)S/X )c/ﬁ (9)

Telescopic images are generally recorded using either photographic
film or electronic cameras, often at limited photon flux levels. For
both systems and under various hypotheses, the effect of these noises
of measurement can be modeled using combinations of Poisson, additive,
and multiplicative noise terms.




r—'—-——-“——_—f 7 ...A-w...._-a*f“

Each type of noise models physical random processes that occur in the
measurement process. In the recording of speckle images a particular

? order is useful; additive noise modeling scatted and background light
occurs first, then Poisson noise modeling photon reception, and
finally muitiplicative noise modeling sensor non-linearities.

Then, if é/&k;%) denotes the measured image, the following diagram and
equations will represent the measurement noise process.

c’(z)“{;)
Additive
Noise [.;/,/Z)z;) = é'//_*/g)*na(l);') (10)
Poisson
Process T
T =500, )
Multiplicative a7 R Pt
Noise

G0,T) = 4l F) i b

The noise process has a zero mean such that
Eggyﬁzfﬂ&Jq} (11)

Let

T 2
fk/&)é-) be an additive noise with zero mean and variance of U,
np(lj 7}') be a Poisson process with means Mplt, 7/ and variance

05 (x,T;), and
b
/]nxl)g) be a multiplicative noise with unity mean and variance J .

The mean and variance of the Poisson process are given by

— _ 2
np(5/§)=%/zj'£):—jo—c/5/7]—')1 (12)




’!-'-."--"-"""""'-"""""'."."-"-'..lIIl-lI"""l!l!ll!------r~

where

FZ is the total photon flux detected, and
1; is the integral or total expected image intensity.

The three measurement noises are all assumed to be statistically
independent among themselves and independent of i/k.)Z;}. They are

assumed to be spatially and temporally uncorrelated.

1-3 - The Restoration Algorithm

Sample Image Statistics

For the speckle imaging algorithm, the sample first and second order
statistics of a set of images with measurement noise will be used and
their relationships to the mean and covariance of the point spread
response have to be established.

First Order Sample Statistics: The set of images is composed of N

images taken at times,'y 7=/ ¥, then the average of the N images gives

the first order sample statistics:
N\ N
by / : )
((x) =5~ ?é {,/Z,g : (13)
Because of the zero mean of the noise of measurement, the sample mean
is unbiased

AN —
E[c'(ﬂ}: LX) (1)

and when taking the efggcted value of (9), i(x) is given by:
- <

Fourier transforming (15) changes this integral equation into an
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algebraic one

I_/Z)’—‘@/Z) 5(2}, (16)

where ©(z) is the transform of the object

A jfzg} is the mean of the Fourier transforms of the images
If ]:(g] is the sample mean of the Fourier transform of the N
images; then its expected value is given by

E[f(z)]:ﬁ):S/Z) 3—(2). (17)

Unfortunately, these first order statistics contain very little high
spatial-frequency information because 55@3’ has a very low pass
nature. Because of this low-pass natuge, the inversion of (17) is
i11-conditioned: small variations in Z(Z) would result in large
variations in the estimation of49/2) and thus, the effect of the
measurement noise would be increased.

However, the broad-band nature of the covariance \S;Q%JZk) will allow
us to use the second order statistics to restore the images in the

high frequency domain.

Second Order Sample Statistics

The following notation will be used for the second order statistics:

- The inverse Fourier transform of 55(5,{52), the covariance of
the transfer function S{(z), will give Ro(x, ,x,), the covariance
of the point spread response s(x).

- The covariance of a set of images in the spatial domain
(respectively in the frequency domain) is given by R[(i,aiz)’
(respectively S.(z ,z,) ) and the sample covariance by ﬁ>(5;‘52)
(respectively %.(gﬂ,gi) ).




Taking the covariance of (9) gives

Ri(x E{[‘/X 0~il) JL e )< 2)—7} (18)

////o/)}o[) Rels,j 4, 2,4, ).l 4, o2,

In this integral equation, the object o(2) appears as the cartesian
product with itself. An unambiguous solution of this non-linear
integral equation will require a non-linear solution method. The
method will depend on the characteristics of theﬁ§amp1e image
covariance used in the inversion of (18). Let f{qzuil)be the sample
covariance function of N images at times Y; J =1, ... N then

R (3, x Z[d(x 7‘/-[(}}][ (&% ) - 1(14)] (19)
J

We are now interested in the relationship between the expected value
of the sample covariance, Z;E’Ql(lufglzz and the covariance
Relx, xy)-

N
If X,7 X,, f{/{‘/&,!@)j—‘ R, (x,X,) because the measurement noises
are spatially uncorrelated.

/‘
1f 2, :-Zz"/al(@/{g)ca" be expanded in terms of the multiplicative
noise and the image corrupted by additive and Poisson noise.
A NV D02
, R .
R"(xux)-/;—J (C{/( )(/:f,)) (20)

_//

2 7 1)l T it 25
+ ;5 (Do )// G ete, %) - 4/1/),,/1 =

77 77!

The mean of the first term adds to the variance the contribution of
the additive and Poisson noise. It is equal to




Y 2 S
gz(ﬂ@;g/%(g,,a')-z(z,/)]: Rola,x, )7 +_/_3~§ (). (a1

The mean of the second term is zero because /Lh(£,3/ has unity mean
and is statistically independent of Qé_/ﬁjjg'). The mean of the
last term is equal to the product of the 2nd order non-central moment

of L"/L/zfu'g) and the variance of hm/_IUE),

N . 2 2 2 2 — 2
Ef2 4, 5110, 50) f= 0 R 1 e e
‘7 > ¢
Therefore we obtain:

A L
E&gﬂt /2('))(') - /?z'(g)/z(x)*g; *%_;" ¢ (X, ) (23)

—_— _— 2
2 2 ‘ .
v [R5 g - o
X

and we can sum up the cases 7 #J, and

£A /(/?L (X /Yz )]: RL' /3-// )-(1) +J\/!/’Xa) 7;/]{/;’1) (24)
l

“l/_
T 3 2 - iy /
*-}? z/;,)/J*fm/*V;//f (X, % ) vz ¢l )j

,:); in a unique formula

. , 7
The difference between Z{[AZVIVJ%yand ﬁ?(&,h can be considered as a
bias. Once this bias has been subtracted, the sample covariance (18)
can be solved for the object using the two broadband dimensions of

Rsca, X))
For the assumed case of isoplanatic or spatially invariant imaging,

the convolution nature of (18) allows us to use the Fourier transform
to rewrite (18) as:

“S?/‘ZI)ZL):Q(Z/)@/Z—I) ‘S;/*Z//—Z.z)- (25)

And in the frequency domain, {24) becomes:




E{S (2,2 } S(z,zl o) Sz T, ZJ(%
*m //[I B z,:8)+ 51025, 5] s

If the noise model is accurate and the parameters are known, the
sample covariance can be corrected for the effects of noise. 1I1f not,
within the constraints of this or another noise model, the parameters
can be estimated and used to correct the sample covariance. Let us
call S‘(Z Z ) the corrected sample covariance.

The algorithm previously developed, [1] is an iterative process that
uses both the f1rst and second order statistics through equations (17)
and (25). If @ (Z) denotes the A-th estimate, then for a
particular value of_E,, equations corresponding {17} and (25) are
written as:

4o 4
(27)

’ 128)
=5.(2,2,)- 7103 ) Stz - 2.)
_I_ I/Z -Z.)(1+7,))

- T //[I[Z,ﬂ)[ (2,48)+35(2,/2, Z, */J] s

where only values of z near z are used, /gl-gﬂ/gq>. Because the

sample statistics are used, these equations have errors. The

equations for /__-z [>r, are dom1q2ted by errors and are discarded.

The correspond1ng components of §/Z Z, J) are not computed greatly

reducing the order of the computation (proportional to M rather than
Vfor MxM 1mages) These equations at a particular value of z ,» are

solved for 69 (z ) in a least squares fashion to give

-11-
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A A —
T €
“—

252, 2)][512,2) [*2Jiz)Sez) s

2
/ 20502, 7)1+ |52
<

where o« is a weighting parameter to control the relative importance of
the sample mean and sample covariance (<=0 for /£1{>Q ). These
equations are solved for each EJStarting at the origin proceeding
toward the diffraction limit in a spiraling manner.

The parameters of the noise model are estimated (if desired) after
(29) nhas been applied to all z,. The estimate is obtained by a lteast
squares solution of

A 4 WA
55(2,12,1) =c,01(z,)0 (Z.l)gj/_zuzl) (30)
A

*(, g(;—zlj + (, B(Z,’.Z,z) ij j—(»zﬁ_zk)

for the coefficionts c,, c;, c;, and cywhere B(zrZ)is a
precalculated approximation to the integral of (28). The coefficients
¢,s ¢g, and c; are used as O;ﬂﬁféci/, C;fand (1+C§i)l./& . The
square root of c,is used to scale Eftg,) before the next iteration.

This iteration using (29) and (30) usually converges after two or
three passes. Then the inverse FFT algorithm is used to compute a
reconstructed object image. Finally, by varying assumptions
concerning the noise processes, we obtain several reconstructions and
use them to remove the noise artifacts, which vary between
reconstructions.

Finally, our signal-processing method for restoring atmospherically
degraded images can be briefly described as follows. We obtain first
and second order statistics of the degraded images from 40 to 300
short-exposure (about 10 ms) images. These measured statistics are




then related to the underlying object and atmospheric characteristics
by a series of integral equations, which are solved by a combination
of "optimal" signal-processing techniques. With Fourier methods, we
transform the integral equations into a set of non-linear algebraic
equations. An estimate of the undegraded object is then obtained by
solving linearized subsets of these equations using least squares
techniques. The restoration technique converges quickly, and the
required computational effort is roughly proportional to the number of
resolution cells in the image.

Figure 1 summarizes the restoration algorithm.
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SPECKLE IMAGES

DIGITIZATION AND DISCRETE FOURIER TRANSFORM

1(z)
\ B K i
SAMPLE MEAN SAMPLE COVARIANCE
[A)
- A
1(z)
z 81(51’52)
.
C],c2,<i3 REMOVE NOISE BIAS
A
C
’ Si(gl,gz)

ESTIMATE NOISE AND
SCALING PARAMETERS

|

ESTIMATE OBJECT

TRANSFORM

NOISE MODEL ASSUMTIONS

X+1(E) I

INVERSE DISCRETE
FOURIER TRANSFORM

j+1(5) : 1

REMOVE NOISE
ARTIFACT

]

RECONSTRUCTED IMAGE

Figure 1 - Algorithm for reconstructing the object image from sample
statistics. Once the iterative process converges, a reconstructed
object image is computed with the inverse Fourier transform. The
final reconstructed image is obtained after several preliminary
reconstructions enable us to remove the noise artifacts.
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Section 2 - Two Approaches for a New Algorithm

2-1 - A Recursive Least-Squares Algorithm

Our first concept for a recursive algorithm was to simply transform
the previously studied least-squares algorithm into a recursive
least-squares algorithm.

Let: l;Lq)be the recorded Nth image in the frequency domain,
E)(z)be the fth estimate of the object obtained with N images,
f’ z)and \S /g‘} ) be the first and second order sample
statistics computed with the N first images.

A test of convergence is conducted on the sequence‘[é (Z /1’/j%nd for
the last iteration, ,(max the estimate 91 (2 ) is obtained ( ,lmax
may depend on Z: ). When the next image (N+1) is available, the
estimate of the object is initialized for each z'w1th

9 ) =@ Ah“’(z ). Then using recursive formulas for the sample
stat1st1cs, the equation (29) of Section 1 can be rewritten as
follows:

g[ewfz )55z, 2, ]F5 12,2, )7*0(.7" (2,)5(2) (31)

/"' ’E2~’ZI/‘,’,

etz Sz, 2] v [Siz ]

12-2/<t

The first drawback of this real-time algorithm is that it assumes the
object and the statistical characteristics of the noise processes are
stationary.

Besides, let us examine recursive formulas for the sample statistics
of the recorded images. The formulas are given by:

.Tmi(_ -—N,J_ f( Z.)+ ,11 I,..(2) (32)
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¢l -l IA'
- VoL ., L *

/"tl (_._Z‘}_Zj)—- A ‘S‘\[‘:?‘J,.Z;) N ‘Z/'v',/g‘)z;‘/;?} (33)
¢ A

5\ e -7 - _ Ih/ /Vr/ Aol Y (34)

c(2,4,) = ,5(_21,7/) I (2 )I Z)

This algorithm would require the storage, at each step N, of the

quantities:
<9 (z,) for each z.
I (Z ) for each /z kr
FS’/z 2,) for each z. z;such that [z -z ﬁr
For MxM images, the storage requirements would be about 10 to 20 times
M2 and would make the use of a small computer difficult.

1f the sample statistics did not have to be stored, a small computer
could be used more easily. This would require storing only the
current estimate of the object. All the desired information in the
sample statistics is ideally contained in the current estimate of the
object. The sample statistics recursions (32) and (33) would be
replaced in this recursive algorithm by

':\ - j,mgxm
A/ N

T =57 S2.)6, (252 1., (2.) 09

/14" N ,/Wx /)'c\') /
,\g[ /'Z"/-Z;")—‘ T*S;‘/-Zt‘/ ’J.)QL’ /_ZL,)CQ j/t //-z/,,. s /

This allows the recursion (31) to be written as

,{4/ 1 ;(rS(Z ]

6, z)=01(2) *[zzz/ﬁf;/z )5 )/* J (36)

2[9 (z 5(2,,2, ]AS(Z Z,) /%S‘z),z;rzﬂ
/z -2, 1%

A5, 2, 2 ARy ]g)—S/.z z;@f/_z./e‘?/xz;/-a;"/m’)

-L) ‘)—] A L=
Ic. : ) /VX- - j‘l‘ ot _/‘,; }4/~
I/Z ?)/]4‘/'”} j )Z—/,, '/-’)' a ’l,L’).’;'»- /) I
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This algorithm is similar in form to a Kalman Filter where Kalman
weighting functions have been greatly simplified. A Kalman Filter
approach wiil be taken to obtain a more general result with a better
analytic basis for its form.

2-2 - A New Approach: A Kalman Filter Algorithm

The problem of the real-time estimation of the object £/Z,), in the
case of evolution of the object and non-stationarity of the
atmospheric characteristics, can be formulated using a Kalman Filter
approach.

As for the existing least-squares algorithm, the assumption of
isoplanatic imagery will enable us to transform integral equations
into algebraic equations and therefore the model in the frequency
domain will be preferred to the model in the spatial domain.

The remainder of this paper treats the theoretical formulation of the
Kalman Filter and its particularities due to our special case.

However, before studying the Kalman algorithm, a slightly modified
notation, taking into account the evolution of the object and of the

statistical characteristics of the turbulence, needs to be introduced:

Let the Nth image measured at time Z& be represented in the
spatial frequency domain by

I'V[“Z") = ‘S;;A/ e,y /Zt')'f /lt;/v (37)

where
l;(g[)is the Fourier transform of the measured image,
:s v is the optical transfer function,
6%5(29)‘5 the Fourier transform of the object, and
V\I;A/ is the Fourier transform of the measurement noise.
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This statement is illustrated by the following block-diagram.

Spatial Domain Frequency Domain
| F
o(},T 8 (z,)
(A N) - NS
object object
atmosphere | atmosphere
& &
telescope telescope
i(x,T ) :E;::::> S 8(z)
- N iN N

additive noise

Poisson noise m— e measurement noise

multipiicative noise

1d(§_,TN) T IN(_Zj,) = S'iNeN('Z‘i) + r‘iN

recorded image

]

the arrow —J]—= symbolizes the two-dimensiona) Fourier transform
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Section 3 - Theoretical Formulation of the Kalman Filter

3-1 - Definition of the State Vector and of the Observations Vectors

Both the real part and imaginary part of the object 69(2‘/wi11 compose
the real state vectorjf , which we want to estimate. The state
vector can depend on time (we want an algorithm that permits the
evolution of the object) andjg; will represent the state at time N.

At each time N, we receive a new image. Let us ca]l-z;/24/the Nth
image, in the frequency domain, and at the frequency Z;. This image
is received at time N. With this image we can define a vector of
observations X;. YL is composed of measurements lQZJZ;éawhen
Ig(qglfn ; or to be more precise, the real vector XL is composed of
the real and imaginary parts of JE,(z[)‘Z;;*Zg;J.

3-2 - Equations of the Kalman Filter

The purpose of the Kalman Filter is to build a sequence of estimates
of the states (ZEV, N=1,...) from an initial estimate;ZVO of the state
jf,. Each estimate is a realization of a random process and is then
characterized by its statistical properties, in particular the mean
and covariance matrix.

Let us call;r #:4-the sequence of estimates, resulting from our Kalman
Filter. We shall require for our estimate ZZ;, to be an unbiased
estimate with a minimum covariance matrix C;%V

In order to build )Q, , we use the information given by the N first
images. 7;%” is then ca]]ed the a-posteriori estimate. The
information given by the Nth image is stored in the vector )ﬁ/. Using
the relation

T(z)=S 6/z2)+ O (38)
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we can express the observations 7; as a quadratic function of the
state va :

W= %//2;)*/@, (39)

~-

where ?ﬁ is a deterministic quadratic function and /). is a noise
vector of zero mean and covariance matrix /ﬁv. This is the
observation equation of the Kalman Filter.

The observations do not depend linearly on the state, but follow the
quadratic equation (39). In order to obtain the state covariance
C;%%/, we have to use a Taylor series of A (-) and then introduce the
Jacobian matrix/iv. To obtain C;ans a function of only C;ka, ,
Kyyand @; we have to restrict the Taylor series to the first order
items.

As shown in the following Section 3-3, the noise of observations is
not Gaussian. However, we will use only the first and second-order
moments.

These "non-linear observations" and the use of the Jacobian matrix to
linearize them about the current estimate results in an algorithm
known as the extended Kalman Filter. This solution of will be optimum
in the sense of minimum covariance, but not in the sense of maximum
likelihood.

Estimatior of the state given the first image,gr;q

If the a-priori state estimate, 22@ , is unbiased, and if we look for
an unbiased estimate of 250 as a linear combination of Z’andé?;b , we
can prove that‘Z; must follow the equation:

/

X :I%*K,(X_%/ZO)} 1o

—_,h
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The gain K , al1so called Kalman gain, will be chosen such that the
covariance matrix of ]V/ , 1§ minimum.

Let us call C;, the covariance matrix of 206 . Then, expanding (40)
about A, gives
~%

Z%—Z:/I‘KIH')/Z%—Z)"K/H, (41)

This relation permits us to calculate Czh
K,) and R, .

Cy, = (I-KH,) C%/I-K,,L/,)C KEK

as a function of C’/o’

(:yyis a definite positive symmetric matrix associated with a definite 1
positive quadratic form that will be minimum for

K, = C'/o/'iiTD,_/ with D} - ,L// C%HT‘/ /{;/

and we shall have:
2ﬁ’/; - Z('/ *K'/(X - %//]’/z)) (43)

[a

= C%,‘“ K, H, C%) (44)

Cy

!

Prediction of the state at the second image ;Z; from 2{0

The evolution of the state between the times N and N+1 is given by an
equation of evolution of the following type:

—_—

Z/Vf/ - ?/[Z/A/J—U/V*// * éA/#/ (45)

where;?/is a deterministic function that can house a very general
form, where U,,, is an input vector and where ék,/is a noise vector of
zero mean and covariance matrix 4%«/°

-21-
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To simplify the presentation, we suppose.%i\inear:

| —

' 2’/‘1«‘11 = F/V_Z,:/ N Gt’u /U/LH/ Y éﬂ/*/ ()

Using the estimate 7;}which is the "best estimate" in the sense of
minimum covariance available for 7r , we can predict the unbiased
estimate 2?5 for 7, by:

21tyf = /:7 ;aiz * (;;~f;!z_ (47)

/

;(;/ is called the a-priori estimate °f2223 its covariance matrix,
-, .
(:2/’ , 15 given by

C F C 7‘@ (48)

Using the second image and repeating the operation we performed to
obtairn‘)” fronn}{% we obtain a-posteriori estimate of 4 : ZV and
its covamanceC}/2

Using alternate filtering and evolution equations, we can compute
(Z@ug N=1,...). The Kalman Filter equations can be summarized by
the following set of equations:

Filtering Equations

7 7 -/
= CA'//V-IH/V //./A/ (;V//t/-/ /-//1/ "‘/[a) (49)
y = [ D)

y + 7 2”‘—7(,%”
Zz;ﬁ/ - Mpy-1 /</ (/ >/ j?7;L{/Z?;%4/ -/ )/)

CA//A/ - (/‘/ W~/ K Hlo C/)V//"/ -/
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Evolution Equations

g,v»%v = /C/—V 2:;/ 7 G —[-//1/4/ (50)
7
C::A/*9¢v - /eik:j;kifjli; ’ (;2;/”

3-3 - Particularities of the Noise of Observations :_i&(ggg Form of
the Equation of Observation

Another particu1q£ity of this Kalman Filter is the model of the noise
of observations ’1~. This noise results from a combination of noises

of different sources:
Noise due to the turbulence of the atmosphere which is modeled by
a random transfer function of the telescope, fi,vat the frequency 7

g

Noise of measurement Q(A!additive, multiplicative and Poisson
4

noise).

In order to understand the noise process, we can use a block-diagram
and some simplified notation.

Given a time N, we can omit the index N appearing in the notation and
we define'm'and;a'as follows:

xc‘ = 64//Z¢.) (51)

7": L, 2,) (52)
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Block Diagram

x. |object at the xi object at the
J
frequency z frequency z.
55 5
1
Atmosphere Atmosphere
! !
X X
J i
D :
(; ﬂj Wi
measurement noise measurement noise
at frequency Z. at frequency z
%5 4
a I B
R

*
observations y y,
1]

* *

Re(y y ) and Im(y y ) form
1) LIS

the observations vector
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') .
X is the image received by the telescope at the frequency Z-. The
real and imaginary parts of A are elements of the state vector.
ycfis the measured image at the frequency 2.
By definition of the transfer function f& at the frequency Z,, we have
/7
Y. =S 2 (53)

and by definition of the noise of measurement

/
7 =AU (54)

Yo~ Sp A+ N (55)

To help understand the form of the observation equation and the
- **
particularities of the noise /7,, it is interesting to calculate 4y

7 /; =(S. X n, YIS ) (56)

-X___ 'x ¥ *+ A .*14’%‘(1
Ji = 1

&
To go from th1s expression of 55 ;? to the equation of observations
)/ 7#( )+/k we use the relation,

b Elay | s )]

where E(p)denotes the expected value of the random process p.

The real and imaginary parts of the terms E/;,;;;/will compose the




elements of the deterministic vector 7%‘(2L). Also, the real and
imaginary parts of (7{5§t'5/u ».%)) will compose the elements of the
Y v f

1t /4'
noise vector HA/.

Therefore, by construction 7%:(2;) will be deterministic and the noise
—
vector r%,wi]l have a zeroc mean.

Calculation of E(jr?f)" form of the funct’ion% and matrix /4, ﬂ

The two random processes, noise of turbulence and noise of
measurements, are statistically independent. Also, the noise of
measurement has zero mean. This allows E/?,Zf?to be simplified,

Ely y)= 2.7 005.57) = £007)

The parameters of the complex function fﬁi(g{) are composed of the
second-order moments of the noises of turbulence and measurement:

o *
E(S, jy ) and E/1 !]j. /

Ty

¥ 3 .
Knowing that E/{i~§')*is a real number, the elements of 7%;(2;) will
have one of the following forms:

Ke (2 1/")[/;, 5") «Ie/f/q,q/’/ = (Relr ) Re ) Talr) 2ul3)) 200570 AT, 7))

or

L. (370 5) I~ 100 /f) :/"c/)}'/’L/’z) = Re(ri) - ”W/‘r ay) ﬁ,‘//

Ty

<
Then, the derivatives of these expressions with respect to the real or
imaginary parts of 7 or)g'will give the elements of the Jacobian
matrix,%;. These elements will be one of the following types:

4

N sy T n *) 7 <M O,
/?50(,')?/5:);/)1/?@(7/)”‘,/,—m/?{,)f/“;// ,74./1,/5/5(5]//4
. The second-order moments of the noise of turbulence are the parameters




of the Jacobian matrixH”.

The Noise ;;m and its Covariance Matrix ,Q/L,,

The elements of /), are given by the real and imaginary parts of

X 44

?7) [—(7 y; ’?Iﬂﬁf (5,5 /*/2/7 5/@/;7 TR 5 2(59)

Some statistical prOpert1es of the noise n,,/ will be given for the

covariance matrix of N ,‘?A/, which is involved in the Kalman

4/9
equations.

The elements of K, will be of one of the three following forms:

E(/\c(7 13 -ty 4 )kel%é/{ 'E/;//J( }) .

y Ay,

fft_((r[/ ;/,,u()"‘ 01»/71./14/}7(%)_/
E(ﬁt‘ 9" “5/7 74;)1“(#/( 117}71))) ;
Vo T [ Corr (7 7 Y= Core [7, 7/%)_91/,1";}1/
E/I,ﬂ/?#,*—f(;,_ﬁ«,’, )""(7”1 G4l o .
~ 1R —""/“ g, 4 -t H e ]

The general formula for Cov(y % }74{7( *) s developed in Appendix 1

and will permit us to calculate the matrix /QA,.

The general formula for Cov(ywt/;'q; 715/(’”) is
Cm/(jz 7}'2;«/'71*/ l] //))5,,{ /’>‘5 =op 9(60)
G )« 28 s i)
) WEGKIEMS) - 33y E5.5)Einn)
/f/?//’/?/},)h?%f/ /, ,71/
#79 ‘”15')”’?4’2;’1«) <Xy, /1;,)
Ela ) En 0 )
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The following table gives the orders of various moments in the terms
4 #
of Cov(y ¢ VL
J}‘ //Jlf 7[

For the noise and for the noise
of turbulence of measurement

in terms of the 1st line 4 no moment
in terms of 2nd and 3rd lines 2 2
in terms of the 4th and 5th lines 1 3
in terms of 6th line no moment 4

We can notice first that the sum of the orders of the moments of the

noise and turbulence and of the noise of measurement is always equal
to four, and second that third-order moments of the noise of
turbulence have disappeared because they were multiplied by the
first-order moment of the noise of measurement, that is by zero.

Conclusion

The calculation of the second-order moments of the noise of
observation N, will require the knowledge of the 1st, 2nd, 3rd and
4th order moments of the noises of turbulence and measurement. This

is due to the nonlinearity of the observation equations.

3-4 - Particularities of the Covariance Matrix of the State Vector

One particularity of the state vector comes from the fact that it
contains real and imaginary parts of complex numbers; and this
particularity will confer a special structure to its covariance
matrix.

Let us consider js;the state vector at the time N and an estimate of
Jal
it 7, .. The covariance is given by
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T —— .
Ny

C,L - f[/j; -7, J//?,I —_?(/“’)T]. (61)

? Cﬂis equal to ("4 if A=), orto (%/if _],;],%‘_,.

the real and imaginary parts of 94,(_2_‘.) and we can also define the

2;/ is composed of

complex vector _@”whose elements are &, (z‘,). An estimate of § is given
A i ~ P
byév. The dimension of 7 and A is twice the dimension of & and &,

[ %
We can also define two complex matrices % and ,é;as follows:
T

C:,/:E[/ﬁ: 'ﬁm)/f'i -&,) (62)

~ ¢ A *7—7
c.=F5-2y8-6/

Y
of the form Cov(p,q) and &, will be composed of terms of the form

Cov(p,q*') .

If p and q are some elements of_;‘-?,b, thené? will be composed of terms

Also, C,:, is composed of terms of the following form:
Yo s ~ ’*.“,
(:1//@//f/j/&/7))”f/\e[w‘"’ //'17)"5’1//3‘/1/ (63)

[5_/&0%]”1@)/) = L T Jeetral = Counlr, 7)./

]
o

CGV' (,7/,. //(,‘)/I/M /7}) - ——;}I /Qe[CC’b’//OJ q) - C"‘"(/o/ 47]

We want to express Q as a function of & and 5”. Then, assume that
the elements of_?(kare ordered as follows:

7, =] e (&) (64)
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C:h/is equal to the block-matrix,

- T
Iy
Co=] A 1 b (65)
/ ¢

D)

Using the sets of formulas (62) and (63) we can show that,

‘/QA/:: :%' /?EL/’CE;/ ’ <j§:/;] (66)

—

D’:’:l/— RQ[CN"@/] (67)

B=+1./C.-C,]

v
Because J;M{Z;/is a symmetric matrix and ];,ﬁ%;)is an antisymmetric
matrix, we can rewrite (68) and (65) as

BMT - _,I [’7’"\[54 -+ (ﬁi] (69)

and

Separating the terms concerning C: and C:bwe obtain

C, =4 Im( ﬁ/@/)'I /v (71)
V2R N (S -
T. /z:) -he(G,) L/f/wa(cs
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Section 4 - Particular problems of the application of a Kalman Filter

to Speckle Imaging

4-1 - Decomposition of our Large-Scale System into Subsystems

When implementing a Kalman algorithm to treat speckle images, the
first problem we meet is a problem of dimension.

A typical dimension of a digitized image has been 256 by 256 elements
(pixels). We will use the discrete Fourier transforms of the measured
images as input data at a discrete set of two-dimensional frequencies
z ‘(z‘,, z,;,). Using the symmetry properties of the Fourier transform
and the aperture limits will reduce the set of frequencies that must
be treated. The result of estimating the object, in the frequency
domain, is also a discrete set of values of the Fourier transform of
the object. This set will have the same dimension as the one
concerning the image and will be treated by the same FFT algorithm to
restore the estimate of the object in the spatial domain. Then, the
state of our Kalman Filter, , will typically have about 51,500
elements (256 x 256 x7W/4).

This is a large-scale system that will require a specific algorithm of
decomposition. However, the decomposition of the whole system into
several subsystems of reasonable size will come naturally when
examining the structure of the observations. As a matter of fact, the
measurement y;;g* does not bring any useful information whenever
]z{-29/>/’ Thus, when we want to estimate a particular A, we shall
select a subsystem, ),,from the full system composed of all the

X 5 such that g ?? is one of the measurements used in the full
system

Then the state vector of the subsystem,cg,is a vector restricted to
the real and imaginary parts of the ?;? such that [E;'Z}ﬁﬁaa"d the
observations vector is composed of all the measurements ;y;g*‘that can

-31-




be formed with the 7., and 2}'4 belonging to the state vector of the
subsystem.

Since 4 is very small compared to the aperture R, the dimension of the
state of the subsystem is very small compared to the dimension of the
state of the full system.

This decomposition is actually an approximation. Let us go back to
the full system and let us consider three frequencies £, _Z;', and
Z4 such that: /Z; 'ZJ'/S/;,, /Z;'*"{‘/s s and ) Z = Z 40>

¥
Then, the two measurements Y, yfand %% will belong to the vector of
observations of the full system, but not ?[ 5}4;

However, the measurement %%’*wm be helpful for the estimation of
7/ and this estimation of A will affect the estimation of X/, by the
intermediary of the observat'ion? y,y/* Therefore, %f’%ﬁ which is an
observation of the subsystemA//M , will affect the estimation of

A even if /.Z‘.—_g,‘/is greater than r,. Thus, the subsystems j]’ and
{éare not independent even if /Z,-7,/7p ‘

This shows that the Kalman filter propogates the information given by
a particular measurement y;'%fﬂong the whole set of frequencies
Z; and that the estimation of Z: will be affected by the whole set of
measurements

v N |
7/4/ Z(:‘ = I”(%')IA'/-&)j/V—TJJJ

whatever ._Zt. s Z,» and —ZI may be. Obviously, the dependence of the
estimation of 7 upon the measurements (;{' 74; )j/V=§2m- will be
more or less important depending on the distances /2, *_Zjv/and

12,-24/-

-32-




The Effect of Propagation of the Information on the Covuriance Matrix
of the State of the Kaiman Filter

If we initialize Y, using the first image and the information this
image gives with the measurements 5,%""such that /2 -2,-/$ I, then
the covariance matrix of the state will be initialized by a matrix
with a band structure and the width of the band will depend on the
number of frequencies inside the circle of radius r,.

As a result of the phenomena of propagation, if we run the Kalman
Filter, the width of the band of the covariance matrix will increase
with each new image and some covariance terms will appear between two
estimates 7 and 2, such that /ZJ‘ZAI?C-

Implication on the Choice of the Subsystems

The algorithm on the subsystems4J§ must restore this propagation of
the information in order to use each observation as much as possible.
To achijeve this goal, we must make an adequate choice for the
subsystems.

Assume that we make the following choice of subsystems. We partition
the set of frequencies z;into "circles" of radius r,such that each
z;(respectively A: ) belongs to one and only one “"circle" (respectively
subsystem). The treatment of one subsystem Aii., associated with a
subset of frequencies, will provide the estimates of all the 3?'5 such
that /5:15./$q,. Then the treatment of all the subsystems will

provide an estimate of the whole object.

Nevertheless, with this choice of subsystems, we would not restore the
phenomena of propagation of the information along the set of
frequencies because we would make two subsystems appear independent,
whereas they are not in the full system. Also, the use of
measurements would not be optimal: the estimation of zibeionging to
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<f, and of ; belonging to,dgi , such that,ééy is different from

J;: but lfj'fd/$n7’ would not use the observation 2&54?( This
discarding of the measurements that correspond to crossproducts of
state elements in separate subsystems is undesirable. Because such a
choice is inappropiate, we must chose a sequence of subsystems that
retains these measurements. There are several closely related

viewpoints which allow the use of the needed measurements.

First, we can choose a sequence of K subsystems<f?1),<f12),... <f%K)
such that two adjacent subsystem54f?m) and4f1m+1) have a common part
in tpeir state vector. Then the part of the object, which is common
to<me) and44%m+1) and estimated by the Kalman filter on the subsystem
<f(m), will be used by the Kalman filter on411m+1). Thus, using the
a-posteriori estimate for</%m}, we shall improve the a-priori estimate
for ///nw/}

Second, we can expand the observations vector used with a given
subsystem 4£fto include all measurements that involve at least one
element of the state vector. Then, all of the data will be used.

Finally, we can view all of these subsystem constructions as
particular cases of treating the observations of the full system in
subgroups and restricting the elements of the state vector being
updated. The updates are then treated in a sequence which treats all
of the observations and all of the state vector. The subgroups of
either the observations or the state vector or both must overlap.

This overlapping characteristic of the algorithm will propagate the
information on the estimation of the state. Thus, the state estimates
will be interdependent and correlated. However, the corresponding
terms of the covariance will still be zero and the norm of the
covariance will be larger than computed by the full system.

Let us illustrate the first viewpoint by a one-dimensional example.
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Let us consider a set of Fourier transforms of one-dimensional images.
The set of frequencies has been discretized into M discrete
frequencies separated by intervals of constant length ;z,=0, z,,...
z,_,- We choose the subsystems so that the state of the subystem
<X(141) is obtained from the state of the subsystemAJ%I) by dropping
the object at the frequency 21> and inserting the object at the
frequency 24,,.,.

The treatment of<f11) will provide an estimate of 2;}23,*'0),IA-/'

The treatment of<5Q2) will provide an estimate of X, A ,°""/ Ao

The treatment of‘y(3) will provide an estimate of A, X3, 00 Aney?
After the treatment of<571), we keep the estimate of x,because it has
been made using all the information yo 7:, ‘yoy,*,... ?‘f/:/' We also
use the estimates of x,, x;,... X, as the a-priori estimates for the
Kalman Filter of £12). The estimate of x,, we obtained with<f?1) did
not use the information given by g,y:ﬁ

Then, with4J%2) we shall again estimate x,, now using ;ﬁé&?f The
result will contain information about yq%*hiven through the*g-priori
estimation of x,, and information about y,é/,*, 4 gl’f y//’\’ given
through the observations vector of<f%2). We can repeat this operation
until the Kalman filter has been applied to the Tast subsystem. We
start again with the treatment of<J%1) when we receive a new image.
Such an algorithm will use the important measurement information and

will propagate the information along the set of frequencies.

1f the discretization of the Fourier transforms of the images is very
fine, corresponding to a large field of view, we shall have too many
points inside a circle of radius r,and the state of any subsystem may
still be too large to be treated easily and quickly by a
mini-computer. In this case, we can either reduce the field of view
and treat subsections of available images, or formulate the Kalman
filter using a more restricted update of the state vector.
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4-2 - IDS Kalman Gain Matrix

Computing the Kalman gain matrix usually requires most of the
computational effort associated with the filtering equations. A
straight forward treatment of the Kalman gain equation for the full
system would require the inversion of an enormous matrix whose order
is the same as the observations vector. Fortunately, by using the
decompostion into subsystems, the order of the matrix that needs to be
inverted is greatly reduced. However, because of the high number of
images and subsystems, the computation effort required for inversion
would still be quite large.

The required computational effort can be reduced further if we forego
some of the generality of the Kalman formulation. We shall assume
that our system has no dynamics. By "no dynamics", we mean that the
equation of evolution Ay = F ., LQ,,);Zbecomes Iny =y . This
simplification restricts the class of objects being estimated to
constant images described by the general diffraction limited Fourier
transform. Although we do not allow any evolution for the object, we
allow the statistical characteristics of the noises of turbulence and
measurement to change. For example, changes in the seeing conditions
and measurement conditions are quite common.

How much the required computational effort can be reduced depends on
the degree to which the Kaiman gain calculation can be simplified.
Two alternatives will be explored briefly. First, the Kalman gain
calculation will be approximated by a difference equation. Second,
further simplifying assumptions will be used to allow the Kalman gain
to be precomputed to various degrees.

Simplification of the Notation

As the system has no dynamics, the evolution equations of the Kalman
Filter become,
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for the state:

’ 4 = [

Lwsiyy — Loy (72)

for its covariance:

' C,(/-f//// = C/V//f/ (73)

Ine a-priori variables at time N+1 are equal to the a-posteriori
variables at time N. Therefore, we can get rid of the double index
notation and 4, and C;would now represent the a-posteriori variables,
which result from the Kalman filter at time N. The word estimate, if
nothing else is precisely expressed, will refer to the a-posteriori

estimate.

With the new notation, the filtering equations become:

T -/
Gain: K.,= Co, Mo D, (78)

e A P PO o

07 (HyCot el | H
o= [ 323 |
| P S 720,
State: Vo= Koo+ K[ Y = %/L/-/}) (75)
e (76)

Cy- CortsthCo

Development of a Difference Equation for the Kalman Gain

Daatact

Let us now consider the equations of the gain giving h; and 5;4, :

‘ Ko = Con /L/A/TZZ,"/ (77)
Ko = Co 4 O

|

F -
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And, in order to develop a difference equation for the gain, let us
define the following matrices:

A H,. = ey~ Hay (79]
yA) f2u+, ::/:sz/<-f§2/ (86)

ACy = Cm—/ —CA/ (1)
A\ (0,1/:/’> - D,;f)/ ”‘ﬁu”/ (82)

}Aﬁ/andﬁa,(respectively fa”,and/a,) are computed with the a-priori
estimates of the state times N+1 and N, ZL,a"d;ZLu/- Then,

AH,, (respectively A K, ) will depend on the variation of the state
estimate between times N-1 and N, but it can also depend on the
variation of the noise moments between times N and N+1 as these
moments are the parameters of the Jacobian matrix {respectively the
covariance matrix k).

We must notice the minus sign in (8l1). The Kalman Filter causes a
decrease in the covariance matrix of the state estimate at each
jteration.

As we shall see later, the last one among these variation matrices,
-/

cﬁ(Zgﬂ)can be approximated in the first order by a linear function of

the matrices A4, , 4K, and DGy .

The equation (78) can now be rewritten as follows:

K,V.,, = ((m-r g4 CA/)////V *A//A/+/)7./0A;*A/pfl;//)) (83)

and assuming small variations, if we only keep the first order terms,
we obtain
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K/Vﬁ - KA/ _/A C’V) /-/HT * [ /‘/‘ A'/) ﬂ/’/ A/q/ﬂ)(SM

This is the first step to the difference equation we are looking for,
-/ .
and we now need to develop the expression ofd (0, ) as a function of

AHyy » LK, and AL, . Expanding [, and keeping only the first order
terms, we obtain:

-/ 7 y T
Do Bl T~ 0 (At o B A28, )
If we denote by <A/V, the following matrix:
AM,, = )ty 5G] D, G F, s A’?w//; (86)
we obtain
y , —/ -/
D= (121, D,

If we use the following approximation:

- ' /L iy 1
(22, i //,H/) (88)
we obtain
-/

AlD 4,,) = L%, L, (89)

The difference equation for the Kalman gain becomes
-/
7
K ‘ku [A(A/HA/#(A/-/ 2 4,'-,HA/A/{W/ [7’ (90)

with

_/ T . 7-
ANM s 04/[/4/4/ Bl Hy ~4H,, C"H‘*"/é’("‘/A/i’/ 4, 91)

-l
This recursive formula will permit calculating f&m from /y, ZZ ,446:,
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AHM/’ andA HM/'

- -/
Then assuming we know 2, , we will not have to calculate {,,, by a
matrix inversion in order to obtain K,,,. With the Kalman gain /quwe
can easily get the state estimate /4;,, , its covariance C;,/, the
variation matrices, and finally Z%Z .

Precomputed Kaiman Gain Matrices

Finally, we will examine conditions under which the Kalman Gain matrix
and state covariance can be partially or fully precomputed. The
Kaiman gain and state covariance depend on each other, but only the
Kalman gain is required for the state estimation recursion. First, we
will determine the conditions which reduce the Kalman filter to the
recursive least squares algorithm of Section 2. Then, we will
consider the effect of removing some of these simplifying conditions.

The recursive least squares algorithm (36) updates the state at only
one frequency and uses all the observations within r, of that
frequency. Under these conditions, the Kalman filter has a two
element state vector and a larger observation vector. The Kalman gain
and state covariance equations can be rewritten in the form where the
matrix inversion lemma has not been applied,

Ko<l W] W R -
Cjt’:sz:;i + //;?'/é/-/ (93)

Assuming that the atmospheric and measurment statistics are stationary
gives constants for the covariance R and the moments used in
calculating observation function?t(&) and its Jacobian H,. Assuming,
that the Taylor series from which the Jacobian is obtained is expanded
about the correct result rather than the current estimate yields a
constant H,,. Under these conditions, the state covariance and Kalman
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gain equations can be solved to yield

C,=#+ [H'R /‘/_7 (94)
KA, = 7\%[-/“/7/\1\///]—/7 R-, (95)

The resulting recursion becomes

ﬁ&/@x /.g[) 9(69 -//Z ] K [ /64/—/ -u) (96)

‘T”"/@[.ZL) /ﬁ/rﬂ/z/

where the current estimate can be used to evaluate the Kalman gain
expression.

This result is directly analogous to the least squares recursion (36)
of Section 2, but further simplification is required to complete the
comparison. The difference of observations and their predictions are
the same for both recursions,

AS, /Z,, Z;)= YN”%’/"/@-/@}) (97)

Each row of the Jacobian matrix is the partial derivative of one of
the observations with respect to the state and has one of three forms:

- -
1. for y, %* [/ﬁ:ﬂi (2,) Sz 4;)JIM/ 17 g@/{;)/
2. for Re(y; " 1; [fe/ﬁ ()52, 2 In(672,)5 2., ;/]

3. for Im[%y;’*]; Z:f/ 125 ,/. ,,_z;nj]ﬁe('@:/z(}ﬁ;/_@%ﬂ

If the observations are assumed to be independent with the same
variance, R is given by

9

K =g I, (98)

Now the Kalman gain matrix of (96) is quite close to the gain matrix




-

of (36). The recursion derived from (97) and written in a form

similar to (36) is

Re( ,,,,,/-,')) Re(@ 5 (99)
Im(Bu,(20) | | Im(8y (z )) C H

) )
H'8S = e g

2 N * 2
C 4 '(Im 62 N§(z:,2;) ) 3 Re{a/ZLI))L,,(@@;})gz’;)zz)j ;
v N Re(ﬁ’?zt))fm(ﬁfét)):}@,z‘), B’(Re(d/l))%/zu.zz ))’\

where

A= ZQ{Z)QZ )A5[z 1)
Z;)<h

5: > |e0(z,) S(z., J)}
}Zz'Z,'/érc'
Note that (36) used a diagonal matrix inversely proportional to B for
the covariance of the state (,which provides the same normalization
for both the real and imaginary parts of the estimate and does not
cross couple them. Also, we have not treated lower frequencies,
‘Et"q‘" , in (99).

Increasing the dimension of the state vector does not substantially
change the recursion (96). The Kalman gain can still be derived
a-priori and evaluated using the current estimate. If we assume that
the observation statistics vary only by a multiplicative constant, we
only have to compute a scalar weighting factor to replace the 1I/N
factor in (96). j

1f we allow the observation statistics to vary more generally, the
Kalman gain cannot be derived a-priori. However, if we assume some
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restrictive description of how the statistics vary, we can approximate
the Kalman gain a-priori. In particular, assume that the observation
statistics are slowly varying. For example, the seeing conditions as
described by the mean optical transfer function 572) orr,, could be
slowly varying. Then, §TZ) could be estimated over intervals less
than the decorrelation time of the seeing conditions and used in the
recursion {95) that assumes stationarity.

Conclusion

We have developed a Kalman formulation for the Speckle Imaging
problem. The intent was to develop a formulation that would aliow the
use of mini-computers for Speckle Imaging. This was accomplished by
using decompositions of the full system into manageable subsystems.
These subsystems result from natural decompositions based on the very
limited area of coherence in the aperture caused by atmospheric
turbulence. Thus, the limitation of nature which requires that
Speckle Imaging is needed aids in making the numeric solution
manageable.

Although this formulation was developed under very general conditions
for the image and disturbance models, we have examined simplifications
and approximations which reduce the computational requirements. These
simplified Kalman filters approach a recursive version of the least
squares algorithm previously developed.
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Appendix l - Calculation of the Terms used in the Formation of f*;“
the Covariance Matrix of the Noise of (bservations f]v

] .
A - Calculation of the variance and covariance terms of the real and
imaginary parts gi 339 complex random processes

. If E(r) is the expected value of a real random process r, we naturally
define the expected value of a complex random process by:

E(p) = E{ Re(p) ) + j E( Im(p) )

Then, we can define the complex covariance of two complex random
processes p and q by:

Covip,q) = E( (p - E(p) ) { (q - E(q) ) )

Using to the definition of E(-), we can commute the operation E{-)
with any of the following ones: Re(-), Im(-), and conjugation.
Therefore, we can develop the two following calculations:

1) Cm’ (ID} 7) = Cm"{AL/FJJ R&(q)) - C"’V (Z/m (P)}[-fm/q))
vy (el Re o)y I ) o Cor (Tontp) Re (9)

) Cov (1,97 =CortARegpyy Re@) )t Co-lmfp)y 2 04))
~ g Cer (Regp)y Iomtq) )2y Cor (T i)y e )

A
Combining Cj}1~6650 and (i%e‘%}Q) we find the three following
formulas: l

CO/LZ[/Q(/?)]K&(?)]: j/ FQ[C“//@ g) (”»//5) 7)')/
Cd—[/\ﬁ'e(/y)f/m(?)]: 1 Lm [Cﬂ’ff}‘/’) + Catp, 7*/]
Cov [ty Imy =~ 4 Aot 9)= G 7/
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We shall apply these formulas to p = Y; y; and q = agf and develop

below a general formula for:

Covip,q) = Cov( y. y* , y v
AR N
and then

Cov(p,q*) = Cov( _y‘-{;.* . y,()/'(* )

To obtain Cov(p,q) from Covip,q), we shall interchange the two indices

{ and 4.

- "Complex Covariance"” of the Two Random Complex Processes ;ﬂ,yyfa"d

yayl B

We want to calculate

% X _ X X * »*
Cov/{ yL.{; s Yy ) = E()Z')-}'x”() - E(yl,é) E(y y )

] 44
with
m * XSt MU form =i, j, k, or 1.
tExpanding pq = % g1ves
* ¥
Pq = XXy )Wz*v‘ q}&; ffll.h;'\f\;

X x CCKX x

+ j N

VS RS

z&fxff ROLE)
XASS (A =G 15

RN (Y nlx*&)mqj(nt.xf‘ﬁ-*m’fx/—i)

ORI ARIGRAETIEAP
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To calculate E(pq), we take the sum of the expected value of each term
of the previous sum and we use the statistically independent of the
noise of turbulence and the noise of measurement. Also, because of
the zero-mean of the noise of measurement, the two underlined terms
have a zero mean. Then, the moments of p and q are:

Flpq) = Ao EGSST ) mE (S DEOY)
X%, E[ss)E(rm +xx"E/55’7£m Q)
+xx*E/SS)E('m) X*x Hfmm 1)
A% E(SS E(m}) E/@RHJQZJ
+x*£(5*)£(m\r}, *XE(S) (fmf
*x"é(s yEtnon ey ;(S)Z:Vf’}?/}

E/ﬁ):?{) E(fJ //Y/?)

Fig) - mf/;f) «% i

Cm/y 77,7/71 xx X[E/(SA; ) -E(3 {)J}z«
+XX£{55)E/M) N E( ,ﬂjgmg
+)<7)<AE(55)Z/Q/K /53}5/@)

/ﬁ*)z-“mm\ A, HS) £, WL)

+x "EG)En N /?7 xgmzm gr{‘
+E(/1/Lfy’\ H/k@ [/fkf\
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ABSTRACT

This report deals with astronomical imaging through a turbu-
lent atmosphere when the commonly-made assumption of isoplanicity
is not valid. 1Integral equation§ are developed which relate the
object to the mean and autocorrelation function of a series of
short~exposure images, Useful approximations to certain functions
describing the effects of the atmosphere are developed and tested
using extensive numerical computations. These approximations lead
to a considerable simplification in the analysis of the effects of

nonisoplanatic imaging.




1. Introduction

The purpose of this report is to describe the effects of
atmospheric turbulence on astronomical imaging when the object is
so large that the imaging is not isoplanatic, We begin by review-
ing the equations which describe optical imaging under the usual
conditions of Fraunhofer diffraction. We then develop some equa-~
tions which relate the object to the first and second moments of
the image. Under certain conditions which are frequently encoun-
tered in practice, these equations are well conditioned and can be
solved to yield a reasonable estimate of the object. The imaging
equations have been developed by Sherman [1] and this report is an
extension of his analysis.

Unless further assumptions and approximations are made, the
imaging equations will 1involve complicated functions and time-
consuming numerical integration, A key contribution of the
research described in this report is the development of useful and
accurate approximations which allow us to obtain closed-form ana-
lytical results which describe the effects of nonisoplanatic imag-
ing. Results obtained using the approximate model are compared
with the corresponding results obtained using numerical integration
in order to assess the accuracy of the approximation. As we shall
demonstrate, the approximate model yields very accurate results
over a wide and useful range of parameter values. Furthermore,
bounds on the spatial frequencies for which the model is valid are
established, and these bounds are related to physical phenomena,

The 1imaging configuration with which we are concerned is




shown in Fig. 1. When the object is incoherent, the image inten-

sity distribution is given by the superposition integral

w
1(x) = [ [ oly) s(x, y) d2y (1)
—w
where
x is the angular position (in radians) in the image
plane,
y is the angular p&sition (in radians) in the object
plane,
I1(x) is the image intensity distribution,
o(y) is the object intensity distribution,
and

s(x,y) is the point-spread function of the atmosphere-

telescope system,

We assume that the conditions for Fraunhofer diffraction
apply [2]). ©Under these conditions, the complex amplitudes in the
object and aperture planes, and those in the aperture and image
planes, are related by Fourier transforms. The Green's function
for a point source at angular position y in the object plane is
given Sy

Ulx, y) = A [ [ Flz, y) exp {jkz * (y - x)} a2z (2)

where

z is the aperture position in meters,




> y Object plane %

——

// . Aperture p]ane

!

// « Image p1ane

Fig. 1. The imaging configuration.




U(x,y)

and

F(z, y)

We write

where

¥(z, y)

a(z)
and

8(z)

is a scale factor,

is the complex amplitude at angular position x 1in
the image plane resulting from a point source at y
in the object plane,

is the wave number,

is the complex amplitude at z in the aperture plane
resulting from a point source at y in the object
plane.

F(z, y) in the form

F(z, y) = ¥(z, y) a(z) exp {jo(z)} (3)
is the complex transmittance function of the atmo-—
sphere,

is the pupil function of the aperture,

is the phase aberration function of the lens.

The transmittance function ¥(z, y) can be expressed in the form

where

x(z, y)

and

¥z, y) = exp {x(z, y) + jo(z, y)} (4)

is the log amplitude disturbance




¢#(z, y) 1is the phase disturbance due to the atmosphere.
y In terms of the quantities defined above, the incoherent

point-spread function becomes [2]

s(x, y) = U(x, y) U*x(x, y)

= A2 [ [ [FB +uw, y) F*G, y) (s)

e exp {-jkw ¢ (x - y)} d28 a%u.

F, and therefore s, are of course sample functions of random pro-
cesses which must be described in terms of their statistical prop-
erties, We turn in the next section to the development of expres-
sions which relate the first and second moments of the image inten~—
sity distribution to the object intensity distribution and to the

statistical properties of the atmosphere.

2. First- and Second-Order Image Statistics

Sherman [1] has derived expressions for the mean and the
autocorrelation function of the image intensity distribution under
i the assumption that x(¢, *) and ¢(e, °*) are Gaussian random pro-
| cesses. Similar results have been obtained by Fante [3] and
others. We briefly review these results in this section. Detailed

derivations are contained in Appendix A.

Taking expected values of both sides of (1) yields

E(1(x)} = [ [ oy) Els(x, y)} d%y. (6)




The meaa point-spread function has been shown to be [1, 3]

E{s(x, y)} = 1412 [ [ exp {-D(w, 0)/2} + exp {-jkw  (x - y)}

-00

e [ ] a(B + w) a(B) exp {j0(B + w) - j6(B)} a%u dzB.
-
(7
where D{(A, &) is the two-point wave-structure function whose prop-
erties will be discussed in some detail in section 3. 4
The autocorrelation function of the image intensity distribu-

tion is given by

E{1(x )10} = 1] JT 0l3,0005,) * Elsleyuy,) slayoy,)} %0,
(8)

where

E{s(x 0y, )e(xyoy, )t = 1819 1 T 17 17 ©(8,.6,.8,.0,)

-0 =00 —00 ~00
* M(Bl’wl’yl’82’w2’y2) exp {—jkwl * (xl - yl) - jsz(xz - yz)}

2 2 2 2 (9)
d B1 d 82 d wl d “2'

The quantities P( ) and M( ) in (9) are defined by

P(8,0,,8,,0,) = (8, + w ) a(s) as,) a(8, - w,))

¢ exp {je(al + ml) - je(sl) + 59(82) - j9(32 - wz)} (10)




M(Bl) wl, yls Bz) wz’ Y2) -

D(wl, 0) + D(wz, 0)
exp ‘-—1. + D[Bl - 82 + ml + mz’ h(yl - )'2)] g
2
+ D[Bl - thh(yl - YZ)] - D[Bl - 82 + wl’h(yl - y2)]
| - 0{8y - By +uy by - y,)] )

(1)

The derivation of (9) to (11) neglects terms involving the

autocorrelation of x(+, ¢) and the cross-correlation of x(e, ¢) and

¢(e, *). Fante [3] has argued that the impact of these terms is
small, For further details on these derivations, see Aﬁpendix A.

P(Bl’ 0, 82, mz] describes the effects of the finite aper-

ture and of lens aberrations on the second~order statistics of the

image, while M(Bl’ W Yo 82, ) yz) describes the effects of

atmospheric turbulence. Sherman [2) has argued that lens aberra-

tions can be neglected if turbulence is strongest near the ground

in the sense that

An 9 h'+ah 2
[ el an > [ ci(h) dh (12)
0 h'

where C: (h) is the refractive index structure constant at height
h. We will assume condition (12) to be valid for all Ci profiles
of interest, and will therefore neglect the effects of aberrations

in the remainder of the report.
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We introduce the following changes of variables:

E = Bl +—B._2. . AB = _B.L:.?..z. .
2 ? 2 ’
v = _._.._yl —.y_2. . A = yl ) y2
y » Y 2 ’
w, - W w, + W
- 17 % e U
W= == A= 7 . (13)

Making these variable changes and neglecting lens aberrations in

(10) and (11) yield the equations

P'(B, 88, w, Aw) = a(B + AB + w + Aw) a(B + AB) a(B - AB)

ca(B - 88 + - Aw) | (14)
ari
M' (0, Aw, AB, Ay) =
(o + Aw, 0) + D(w ~ Aw, 0) ,
exp —-%- + D(248 + 2Aw, 2hAy) + D(24B, 2hay) .
- D(2AB + Aw + ®, 2hAy) - D(24B + 8w - @, 2hAy) J'

(15)
We now turn to a more detailed discussion of the two-point

wave~-structure function D(e, «).




3. The Two-Point Source Wave~Structure Function

Kon and Feizulin (4] have derived the following expression

for the two-point source wave~structure function:

H
D(a, §) = 0.033 (-‘:’-) r (l>u2k21<'5/3 J 2
5 6 m o M

5 —Ki(L-h)2A+rl_‘—-ﬁ-52
. 1F1 - 1, 0 - 1] dh '
41
) (16)
where
A is the distance between test points in the aperture
plane (meters),
8 is the distance between source points in‘ the object
plane (meters),
k is the electromagnetic wave number,
K is 5.91/10, where 1/ is the inner-scale size of the
turbulence,
H is the height of the turbulent medium,
Ci(h) is the refractive index structure coastant at height h,
L is the distance from object to aperture plane,
lF1 is Kummer's function (a confluent hypergeometric

function).

Kummer's function is the confluent hypergeometrc function {5]

az  (a)a+ 1) 22 (ada + 1)(a + 2) 25
1Frlas b 2) =1+ =+ ST 5T Y o+ Dk + 2 3r *

a7




This is a very messy function to work with, and we seek reasonable
approximations. In the literature [6], it has been common practice
to develop approximate expressions for 1F1(a, b, z) for the
limiting cases |z} << 1 and Jz| >> 1. We observe that for |z| <K
1, we may neglect the higher order terms:

az

1Fl(a, b, z) =1 + < 12] <K 1, (18)

Fila b, 2) - 1 ~—°—§-, Izl << 1. (19)

For |zl >> 1, we employ the asymptotic expression [5]) valid for

Re{z] < 0:

Tr'(b) -a
1Fl(a, b, z) ”-Fa;f:—gy (-z) 7, [z{ >> 1. (20)

Since, in the problem at hand, a < 0 and z < 0, ;F;(a, b, 2) is an

increasing function of z, For |z| sufficiently large we have

r(b) -a
lFl(a, b, z) -1 “m——:—a—)— (-z) , lz] > 1. (21)

Fante [3] has used these limiting values of Kummer's function to

derive approximations to (16). His approximate expressions are

H
p(a, &) ~ k2 [ c(n) 4 (l‘-—'—-‘l e 5) dh (22)
0 n L L

where

-~«~TL‘.J‘




- 2
J3.25 1 o1, Ipl <017 1

d(p) = <« . (23)
2.92 101°7%, lol > 0.17 1_

Upon introducing the imaging problem ia section 1, we used
angular rather than linear units. To reflect this in the structure

function, we define the angular position vector 8' as

(24)

O
"l
o

We also assume that the objects are astronomical and hence that L
>> H. With this assumption and the change of variables shown
above, we find that
H
D(a, h8') = k2 [ cZ(n) d(4 + hs') dn. (25)
0
A key issue is the behavior of d{(p) when p ~ 0.17 1 . Thus
far we have only developed approximations valid in the regions
lpl << 0.17 1 and lel >> 0.17 10. It is not known at this point
which of the two approximations models the behavior of d(p) in the
region of uncertainty. Indeed, it is not known if either approxi-
mation is wvalid in this intermediate region. To determine more
closely the behavior of D(4, h8'), F;(a, b, z) was computed
numerically by summing terms in the hypergeometric series. The

result was compared to the quadratic approximation and to the 5/3-
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power approximation ((19) and (21), respectively). The results of
the numerical analysis of Kummer's function are detailed in Appen~-
dix B, In brief, it was found that the quadratic approximation
(19) begins to diverge rapidly beyond the breakpoint p = 0.17 1,
while the 5/3-power approximation closely follows Kummer's function
over the entire range tested. We conclude that the quadratic law
is valid only for very small arguments and that the 5/3-power
approximation 1is reasonable for all z. Henceforth, we will use the
5/3-power approximation of d{(p) for all values of p.

With an analytical expression for the wave structure func-
tion, we are ready to consider the concept of the atmospheric cut-
off frequency W, We associate W, with the spatial frequencies
that can be recovered from the blurred image by long—ferm averag-
ing. The cutoff w, is determined by the first-order statisti;s and
is generally defined [7] as the value of w that results in an expo-

nent of -1 in the function exp [-1/2 D(w, 0)]. That is,
exp [~ 2 D(w_, 0)] = exp [-1]. (26)

Solving for 0, algebraically, we obtain

3/5

) I T (2n)
2.92 k v,

where we have defined uo to be the zero-order moment of the refrac-

tive index structure constant
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oO—x

u = [ c%(h) dn. (28)
(o] n

th

In general, we define the n "-order moment v to be

"

i n .2
.= [ b" co(n) dh. (29)
n n

0
These momeants will be useful in later developments.

4. Imaging Equations

Substituting the expression for the structure function given
by (25) into (15), we obtain the following expression for the

mutual coherence function M'(a, Aw, AB, Ay):
M' (@, dw, 88, 4y) =

d(w+aw) + d(w-Aw)
k2 i 2
exp| - —5-1 C (h) | + d(288+2hdy+28w) + d(248+2hdy) dh
0
~ d(2AB+2hAy+Aw-w) - d(2A8+2hAy+Aw+w)
(30)
We make the following observations about the mutual coherence func-~
tion:
. . . -2 2 2
1. For frequencies satisfying lw]” + |Aw]® < w_, the mutual
coherence is essentially independent of AB and Ay, and

the entire aperture appears to be spatially coherent,

That is,

- 14 -




M'(w, Aw, AB, Ay) = MC(B, Aw).

2. For spatial  frequencies satisfying [aw] >> We»

lw} > w_, the mutual coherence is nearly zero:
M'(w, Aw, AB, Ay) = O.

3. For spatial frequencies satisfying [Bw| < © .
fwl > W there is nonzero coherence in the region
1248 + Aw| < w, ~ and layl < 8y.. In this case the
aperture 1is spatially coherent in regions the size
of w.» provided that the two source points are not
separated by a distance greater than Ayc.

The ability to recover the high spatial frequency information
from the second-order statistics of a set of speckle images depends
upon the nature of the mutual coherence function in case 3 (i.e.,

fwl > w_, law] < mc). In the remainder of this report we will
concentrate on analyzing the coherence function under these condi-
tions.

We will now consider the effects of the turbulence on the
image. As discussed previously, we neglect lens aberrations. We

have shown that

E{1(x)1(x)} = 1 1] 0y )oly,)els(x,y,)slepery)} @ y20 ¥2 ()

where




e o e o

sial [ I1 11 1 P (@, Aw, B, 88)

00 =00 w00 -0

E{s(xl, Yl)s(xz’ Yz)}

M'(a, Aw, L3, Ay) dzé d2AB exp [-jkw

*

1
. 2 2
* (xl - yl) - kaz ¢ (xz - yz)]d wl d "’2:
(9
P'(w, dw, B, AB) = a(B + AB + @ — Aw) a(B + AB) a(B - 4B)
s a(B - A8 + 0 - Aw),
(14)
and
M'(w, Aw, AB, Ay) =
d(w+dw) + d(w-Aw)
o,
exp|~ ~5 | C (h) | + d(288+2nAy+28w) + d(248+2hdy) dni{. (30)
0
- d(28B+2hAy+Aw-w) - d(24B+2hAy+Aw+w)
To simplify the notation we introduce the function
oo (-] 2
N(@, 8w, Ay) = [f [ M'(®, Bw, 88, Ay) P'(&, Aw, B, AB) 4B a’as
-0 ~00
(31

The integration over AR effectively samples the function

P'(w, Aw, B, AB) at AB = -Aw/2. Hence
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NG, o, By) = p'<a, a0, B, 88 = -A;.> o%8
P -C0
e [[ M@, M, AB, Ay) d2as. (32)

For convenience we define

R G, o) = ] p-(a, to, B, 8B = - A;i) o%

={Za §+a+A§>a(§-£§)a<g+A‘2&>
- a(§+5—9-2“1> a%s (33)
and
n°<a, Aw, Ay) = {Z M' (w0, Aw, BB, By) a%ag. (34) '

From (8), (9), (14), and (31)-(34), we find that

E{1(x,)1(x,)} 41al® f? f? o(y,) o(y,) {Z {Z M (@, Aw, Ay)

—00 OO

Fh(a, Aw) exp(-jkwl . (xl - Yl] - jkm2

2

(x2 - yz)] dzm1 d’w, d2y1 d2y2. (35)

This equation is valid for |w| > w_, and |aw] < w .

We may express O(y) and Mo(a, Aw, Aw) as inverse Fourier

-17 -




transforms:

2 =
oly) = (Zﬂ) J[ 0(w') exp (-jkw’ * yl dzm', (36)

2

2 e
k) If Mo(a, pw, Aw') exp [-jkdw' « Ay] a2ae'.

) 37)

no(a, Aw, BAy) =

Substituting these expressions for 0(y) and Mo(a, Aw, Ay) into (35)

and simplifying yields

8 = = = 1y ~ '
E{I[xl)I(xz)} = 4|A|4 ff%%‘ I f£ {“ 0 (?1 - A%L> 0 (%2 + £§->

Mo(a, dw, Aw') dzAw' FA(;’ Aw)

. . 2 2
« exp [-jkop © x; - Jke, ¢+ x,] 4w d%w,. (38)

Or, taking the Fourler transform of both sides of this equation,

Fle[ (e, 1)) = ¥ (i, 0;)
= [‘IAIA..{—ZLX‘.I? 6 (w -A—ul:-) 6((9 + Aw‘)
o e\ 2 2 Y 77
. g (v, Aw, Mw') F,(w, Aw) 4% aw’ (39)
o 4
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From (38) and (39) we conclude that the effect of nonisoplanatism

is to smooth the second-order statistics in the Aw' plane. The
behavior of the smoothing function MO(B, Aw, Aw') in the Aw' plane
determines the feasibility of solving (38) for the Fourier trans-

form of the object O(w). If
M <w (40)
c c

then the integral equation (38) is well conditioned.
In the remainder of this report we shall consider the impact
of the mutual coherence function M'(w, 4w, AR, Ay) and the smooth-
ing function ﬁo(a, Aw, Aw') on the second-order statistics. Some
key issues include:
1. 1Is it possible to find simple analytical expressions for
M'(w, Aw, BB, Ay) and QO(B, Aw, Aw')?

2. How does the random process Ci(h) affect
M'(w, Bw, AB, Ay)? What are the pertinent properties
of Ci(h) that impact the imaging?

3. What generalizations can be made about the impact of the

smoothing function Mo(a, Aw, Bw') on the imaging?

5. The Effects on Nonisoplanatism

In this section we will explore the effects of nonisoplana-

tism by deriving reasonable closed form approximations for

Mo(a, Aw, Ay) and Mo(a, Aw, Aw'). We shall temporarily assume that




fwl >> w, 18wl <w . 1248 + du] < ©_, lay! < Yo (41)

these conditions will be explored in more detail later. We begin

by reviewing (30):

M'(w, 8w, AB, Ay) =

d (w+ Aw) + d (0 - Aw)
21 1 27
exp —-55 / C:(h) + d3(2AB + 2hAy + 28w) + d4(2AB + 2hdy) | dh>
0
- d5(2A3+2hAy+Am—B) - d6(2Ae+2hAy+Am+B)
(30)
where

d(p) = 2.92 lp15/3. (23)

We have numbered the d(¢) functions with subscripts to expedite the
discussion.

The conditions set forth in (41) insure that |wl is large
while 4B}, lAw], and |Ay| are small. For the moment we will
assume that lal dominates the other terms in the arguments of
d. (+), d2(°), ds('), and d6('). This assumption is suspect since
the term Ay is always multiplied by h, which may take on large
values (2 » 106) in the range of integration [0, H]. However, we

shall tacitly accept the assumption that |hAyl < |wl| at this stage.

Later on, we shall explore the limitations and consequences of this

- 20 -




L assumption,

With the assumption that |w| dominates the other terms in the
arguments of d1(°), d2(°), ds(-), and d6(°), we may expand each of
these functions in a power series by employing the binomial expan~

sion [5]

ala = 1) 2 ala-1(a=-12) 3
X + X

(1+x%=14+ax+ 77 37 + ...,
Ix] < 1. (42)
For the problem at hand,
ae + 8 = 2.92 la+ 61773
=292 [(@+8) - @+ 8]0
.z 15/6
= 2.92 5-B<1+35 o, 8 f) ‘
w * W W * w

(43)
As before, the dot deunotes inner product. We have assumed for each
function that |w| > |8}, so we may expand the term in parenthesis

in a binomial series with

Bre,b00 )
W w wew
The resulting expression for d(w + §) is
d(@ + §) = 2.92 (Z)‘B)Slf,[li»sf'T+f.f(%—l—§-cos29)+ . ]
3w w wew




where 8 is the angle between § and w. We can approximate d{w + §)

by neglecting cubic and higher order terms:

56

3w e

- - - f
d{w + &) = 2.92 (w » w)5/6[1 + F° 1%

. 1
+ f f (é-- =2 cos26> .
wew J

gHiel

(46)
Making the appropriate substitutions for &, we arrive at the fol-
lowing approximate expressions for dl('), dz('), ds('), and

d6('):

- .- . . b/
d, (o + Bw) = 2.92 (o - )2 01 #2000 Bus Bufd 3 6% )
1 w5 .o\ T8 1
w * W w e W

47)

~N

bw - Aw (5 - 5 2.\
* - (z: “18c°s 92)}

d2<a - Aw) ®
w °* W

92 (o - 5)5/6[1 - 2w
3w -

erigl
[}

(48)

dg (288 + 2hAy + b - @) = 2.92 (w

5)5/6 [1 _ 5(28B+2hAy+Aw) W
30 e w

. (248

+

2hdy + Bw) - (288 + 2hdy + Bw) (5 _ 5 2,

- 6~ 18 °°% 3
Wwe*ew

(49)

5]5/6 [1 . S(2A8+2hAy+bw) * w

30w

»

de (288 + ZhAy + Bw + w) = 2.92 (v

+

(248
+ 18 c°s 8

2hAy + Aw) + (288 + 2hAy + Aw) (g__ 5 2 )J
— 6 4
w*w

(50)
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where

61 = angle between & and Aw 4
92 = angle between ® and -Aw

\ 8, = angle between -w and (248 + 2hAy + Aw)
8, = angle between +w and (248 + 2hAy + Aw).

We note that

61 =7 ~ 62
63 =7 - 64 H
and from the trigonometric identity cos (7 - 8) = -cos B , we
conclude that |
cos2 91 = cos2 62 .
cos2 33 = c032 64

We next observe that the mutual coherence function M' (B,
Aw, AB, Ay) will be maximized for fixed w and Aw when (248 +
2hAy) = -Aw. This leads us to conclude that over the region where
M' (©, 8w, BB, Ay) is most significant, the term (2A8 + 2hAy + Aw)

will be nearly colinear with Aw. Hence:

2 2. . 2. _ 2
cos 61 cos © cos 93 cos Bh

2




In the remainder of this report we shall employ the approximation

above, and we will refer to 8,  as simply O.

1

Unfortunately, we cannot expand d3(') and d&(.) by the bino-~
mial expansion since we cannot guarantee that any term in the argu-
ment will dominate for either function. However, we recognize
that d3(') and dh(‘) will only profoundly impact the shape of the
mutual coherence function M' when the magnitude of the argument is
close to w . Hence, we will approximate d3(p) and da(p) by a sim-

pler function that is a good fit in some sense when p = w. The

choice for the approximating function is

d(p) = LI (51)

where c¢; and c_, are constants selected to "optimize" the fit for

lp] = w.. The motivation for this quadratic approximating function

will become apparent shortly. Applying this approximation to

d3(') and dg(')’ we have

d3(2AB + 2hAy + 24w) = cl(ZAB + 2hAy + 248w) + (248 + Zhdy + 28w)
+c , (52)

da(ZAB + 2hAy) = c1(2A8 + 2hAy) + (248 + 2hay) + c,- (53)

To simplify the notation we introduce the following func-

tions:




f1<a, Aw, AB, Ay)

ut

dl(w + Aw) + dz(w - Aw)
- d, (248 + 2nay + fw - w) - dg (208 + Mdy + Bu + w), (54)
fz(Aw, AB, Ay) = d3(2AB + 2hAy + 28w) + d4(2A8 + 2hAy). (55)

With this notation we can express (30) as

[

M'(w, Aw, AB, Ay) = exp 1- ¢ (h)

O

2
n

. [fl(a, Bw, 88, 8y) + f,(4w, A8, ay)] dn
(56)

Combining (47)-(50) and (52)-(53) with (54) and (55), we obtain
£,(, do, 48, Ay) ~ ~19.47(1 - % cos? @) (b - 5) /8 [ag - a8 +
(2hay + Aw) * AB + hlw * Ay + thy « By], (57)

£,(80, 88, by) =~ c, [888 +AB + (16hAy + 8Aw) « AB + 4Aw * Auw
+ 8hdw * Ay + BhZAy . Ay] + 2c°. (58)
Substituting these approximate expressions for fl(a, Aw, AB, Ay)

and fz(Am, AB, Ay) into (56), we obtain
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M'(w, Aw, AB, Ay) =

c,[808 + 88 + (16ndy + 8w) - 88 ]
2H + 4Aw ¢ Aw + 8hAw * Ay + 8hlay - ay] + 2c
exp - —3-I Cn(h) 1 2. -  -.-1/6 ° lan-.
0 - 19.47 1 - 3 cos™8 (w + @) [a8 « a8
L + (2hAy + Aw) « AB + hdw + Ay + thy . dy) |
(59)

Employing the definition of the moments of the refractive index
structure constant Ci(h) given in (29), we may perform the integra-
tion with respect to h. Computing the integral and collecting

terms involving AB + AB and AB yields

M'(w, Aw, AB, Ay) =

[gcluo - 19.47(} - %-cosz e)(a . B)'1/6 uo] AB + AB

1 2.\, - ~-.-1/6
+ b6c1u1Ay+8c1u0Aw—l9.47(}—-3 cos 0>(m-w) (ZUIAy
exp -

+u°Aw)}'AB+!cl(SuZAy°Ay+4quw-Aw+8u1Aw'Ay) + 2 ¥

- |

—19.47(}--% cosze)(5~B)"1/6(u1Aw-Ay+u2Ay-Ay)J

(60)
To make this seemingly complicated expression more tractable,
we will make the following definitions:
~-1/6
o

= kcluo - 9,73 (1 -1 cos2 6> (v * w)

: o (D)

- 26 ~




- ' ([, 1 2 ) - =.-1/6
n, = 8c1u1Ay *+ heju b - 9.73 \1 -3 cos” 8 (v * w)
(62)
. (ZulAy + W bw),
n, = cl[»uzby " By + 4uibw e By 4 2u Bw Aw) + c ¥

9.73 (1 - L cos? e) G- @

3 Aw * Ay + usz . Ay).

1
(63)

We note that n2 is a vector while nl and n3 are scalars. With

these definitions (60) can be expressed very simply as

M'@l, dw, AB, Ay) = exp {~k2n1 (a8 « 88 + ny * 88/n; + n3/n1]}.

(64)

Since this expression involves only quadratic and linear terms

in AB, we may perform the integration with respect to AR called for

in (34). Hence, with the approximations we have made, we may ob-

tain an approximate analytical expression for MO(L, dw, Ay). This

was the prime motive for approximating the d(e¢) functions by qua-
dratic polynomials.

Completing the square in the exponent of (64) and performing

the integration with respect to AB, we derive the following approx-

imation of Mo(a, Aw, Ay):
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M (5, o, 8y) = [ [ ' (5, 4w, 88, Ay) a8
2 \ - .
" 2 exp {-x (” m, s mlang )b (s

1

The term (n, -~ n,_ ° n2/4n1) can be evaluated by direct substitution

3 2
of (61)-(63). The result is

= 2 . .
(n3 n, n2/4n1) =, (“2 u1/u0> Ay « Ay + quko Ao + c U,
(66)
where we have made the following definitions to maintain the sim-

plicity of the notation:

v, 54e, - 9.73 2 -1 cos? e)(& A (67)
1 1 3
- 1 2 1/6
Y, ¢ * 2.43 (1 -3 cos 6) (0 o w) (68)
Finally, substituting (66) into (65},
_ 2 |
M (0, dw, dy) = |—==—— exp /-k Y - u/u_) By » by
o 1 2 1"
k? Y, H
170
2 ) 2

* exp —k YoM, Aw Amj exp 1-k couOJ (69)

From (69) we see that Mo(a, Aw, Ay) behaves as a Gaussian

function in both the Ay and Aw directions. We may take advantage

of this by defining
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!
-1
_[2 2

by, = k'Y, (“2 ulluo)' ,

-1

- 2
Aw™ = [k Y2uq] .
Equation (69) becomes
- 2 (
M (0, Aw, ay) = 2n exp J-Ay . Ay/AyzL exp < -hw - Aw/szL
(] k2 1 c { cf
Ylu
. o
* exp {-kzc u 1 . (70)
0 0)

Equation (70) involves only a quadratic term in Ay and hence
the Fourier transform implied by (37) can be calculated in closed
form. The result is
Mo(m, b, Aw') = [f Mo(m, Aw, BAy) exp [jkAw' + Ay] d“aAy

2
2 | M [ 2]
= 2% —5=—=— exp -Aw o Aw/Amcj
J 2,2 1 (2 |
* exp l-k AycAm' . Aw'/&j exp 1-k R
(71)
Defining
[ ]
w' = 2/kay , (72)
c c
. - 29 -
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we have

Ay2
{
2 e exp , -bw ° Aw/Amz)

- oo
Mo(w, Aw, Aw') = 2r 5 L
1Y

kY
e exp 1-Aw' . Am'/(Aw;)z} exp {—kzcouo} .
(73)
Hence, we have found approximate analytical expressions for
MO(G, Aw, Ay) and ﬁo(a, Aw, Aw').
We now consider the problem of selecting the coefficients c;
and ¢_. These coefficients are selected so that

[0}

d(p) = cp Pt | (51)

when p = wc. The coefficients ¢, and c; were calculated and com-
pared using a variety of methods. The details of these calcula-
tions are relegated to Appendix C. The following values for ¢y and

¢ were found to be reasonable choices:

o
. \1/5
c, =3 (k uo) , (74)

c =0. (75)

Substituting these values into our previous results, we obtain

—

2

. ) ”
exp i’ﬁy . Ay/Ayzf exp {‘Aw . Aw/Aw:f

N
N

M (G, Aw, Ay) =~
o

k Yluo

(76)
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and

3

{ ~Aw Aw/Am: J‘
o Aw'/ Am')zl (7
¢l
with
2 \1/5 1 2 \,- -.-1/6 1
Y, = 12 (k uo) - 9,73 (1 - 3 cos é)(w . w) s (78)
1/5
¥, =3 (k2u°> + 2.43 (1 - -;- cos? e) G- oV (79
Amc = —71—-—- , (80) . *
k Y2“0
by, = J 7 - T (81)
k Yl(uz - "1/“0)
and
M = 2 ( .y (82)
Ye © i\~ M) 2

The validity of the approximations used to derive (76) and
(77) were tested by comparing the value of Mo(a, Aw, Ay) predicted

by (76) with the value computed by numerical integration of (30).
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The two results were compared for a family of wvalues of

@, Aw, and Ay. The details of the numerical analysis and the tech-
nical aspects of the numerical integration are included in section
6 and Appendix D of this report. However, initial numerical re-
sults showed that (76) closely approximated the value obtained
through numerical integration of (30) for large lw] (lwl > IOwc).
As |w] was decreased (76) became an increasingly poor model for
MO(G, Aw, Ay). The model completely broke down as |w| + w,. The
approximations used to derive (76) assumed that |wl > w_; hence,
it is not surprising that the expression for Mo(a, Aw, Ay) ceases
to be accurate for luw| = w . We will analyze this problem in more
detail to find the lower bound on |Gl for which our model is valid.
This lower bound will quantify the previous somewhat ﬁebulous re-
quirement that |w] >> w .

We return to (34). Mo(a, Aw, Ay) was found by integrating
M' (w, Aw, AB, Ay) with respect to AB over the infinite AB plane.
We should note here that the integration over the aperture plane is
actually limited by the size of the aperture. Thus, physically the
integral always converges, However, in deriving (35) we argued
that the effects of the finite apertice could be separated from the
integration over AR by sampling P' (5, Aw, B, AB) at AB = -Aw/2.
We now explore the consequences of this approximation and, in par-
ticular we determine the range of w for which the approximation is
reasonable. For the integral in (34) to exist, M'(w, Aw, AB, ay)
must vanish for sufficiently 1large |ABIl. We shall explore

the behavior of M'(w, Aw, AB, Ay) for very large AB. From (30)




it is apparent that for very large AB, the terms d3('), dh(.)’

d (¢), and d6(') approximately cancel each other and we have

5
_ [k2H2 _ - :
M'(w, Aw, AB, Ay) = exp <~ —~5 / C (h) [d(w + Aw) + dlw - Bw)] dhj,
0
|88] very large. (83)

We are not interested here in the Aw dependence so we set Aw = 0.

Substituting (23) into (83),

( H |
M' (0, Aw, AB, Ay) = exp --2.92 K2 / C:(h) an 181°/3;
0 J
! - !
= exp +-2.92 T /3; . (84)
{ (o]

From (84) we observe that if |w| is not large enough, then
M'(w, Aw, AB, Ay) will not effectively vanish for large |AB| and
the integration over the A8 plane is not defined. We hasten to add
that (84) indicates that M'(w, Aw, AB, Ay) does not strictly vanish
for large [AB| but rather approaches some constant value. We must
quantify what we mean by effectively vanishing. Numerical analysis
has shown good correlation between (76) and the numerical integra-
tion of (30) if |w| is large enough to insure that the asymptotic
value predicted in (84) is on the order of 107% or smaller. We can
now compute the lower bound on |w]| subject to this condition. The
lower bound will be denoted by acl, and is calculated from the

condition
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{ i -
exp /1-2.92 kzuo | c1|5/3; - 1078,
Solving for Bcl, we find that
3/5
I e LY (85)
2.92 k uo

We have established &cl as a lower bound on |w|. Our

model for Mo(a, Aw, Ay) is valid for |w| > w, We can also inter-

1
pret physically the behavior of M'(w, Aw, AB, Ay) in the

region W, < lwl <w In section 4 we noted that for spatial

cl”
frequencies satisfying IZ)|2 + IAw)2 < wz, the entire aperture
appears to be spatially coherent. Furthermore, for spatial frequen-
cies satisfying |Aw] < w, and fwl > w_, the aperture is spatial-
ly coherent in regions the size of W, (for source points separated
by Ay < Ayc). The region w, < lof < ©.q is in the transition
zone between the regions of complete and partial coherence.

There is one remaining issue tha! must be resolved. In the
course of deriving (76) and (77), we assumed that |[w| > |hayl,
knowing that this assumption was suspect. The preliminary numeri-
cal analysis mentioned above has shown additional discrepancies
between (76) and the values calculated from numerical integration
of (30) for values of |w| larger than acl' The region in which the
discrepancy was significant was generally confined to

Bcl < Jwl < Sacl. For larger v.'ues of lw|, (76) was valid. We

should point out that the width of this troublesome region is

T




highly dependent upon the model used for the refractive index
structure constant Cg(h). The width is largest for Ci(h) profiles
with very weak turbulence at higher altitudes.

The discrepancy is in the Ay plane only., For values of w in
the troublesome region, MO(G, Aw, Ay) no longer appears to be a
Gaussian in Ay but rather the sum of a Gaussian and a constant.
The value of the constant decreases with increasing lw). The
problem is due to the fact that under these conditions |B| does not
dominate |hAy| and the truncated binomial expansions used in the
derivation of (76) are not accurate.

To quantify the effects we have observed, we seek an alter-
native approximation to M'(w, Aw, AB, Ay) that is valid for large
JhAyl. Unfortunately, we have not been successful in.determining
an approximation that preserves integrability with respect to h.
Hence, we must sacrifice generality here and assume some model for
the C:(h) profile. To expedite the integration over h, we will use

the simple double-impulse model for Ci(h) shown in Fig. 2.

2
c_ (h)
A %o
%
0 h h

1

Fig. 2. The double impulse model for Ci(h).




We model Ci(h) by

2 .
c (h) = a 8h) + aé(h - h ),

a >a. (86)
o 1
The impulse at h = 0 represents turbulence near the ground while
the impulse at h = h; represents turbulence in the upper atmo-~

sphere. The height h; of the second impulse is in general vari-
able, but in this report we will associate hy with the "tropopausal
bump” sometimes observed at a height of 104 m [8]. We require

that a > a, to satisfy (12).

1
The double impulse model allows the trivial evaluation of the

integration with respect to h. Substituting the double impulse

model into (10) and integrating over h yields

M'(w, Aw, AB, Ay) =

d. (0 + Aw) + d, (0 - Aw) 1
) 1 2
K
exp |- =5 la |+ d3(2A8 + 20w) + dA(ZAB)
- d,(288 + 8w - w) - (288 + dw + )
< P
d7(w + Aw) + ds(m - Aw)
voale dg(ZAB + 2,8y + 260) + d, (288 + 20, 2y)
L i - 4;,(208+20 Ay +au-u) - d12[2AB+2h1Ay+Aw+w) B

(87)
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Once again we will approximate each of the d(+) functions by qua-

dratics, However, here we are interested 1in large values of

IhlAyl, so we will assume that Ihlbyl dominates the other terms in

the arguments of dg(') to d ().

12 Previously, we have shown that

d{p) =~ cp e+ (o= wc) (s51)

and

do + 6) = 2.92 (& - w>'° [l*sf 'i’+f'f(§"1%°°sze)]
3w w wew
(46)
Similarly,
5/6 5h.5 ¢« Ay
d(2h1Ay + §) = 2,92 (Ahfny . Ay) R + 6§86 ‘

’ 12h§Ay * Ay 4h§Ay * Ay

- Tg’ cos? q,) . (88)

M

8

where y is the angle between Ay and 8. We are interested here in

the qualitative behavior of M' (w, Aw, AB, Ay) as |hAy| becomes

very large. To simplify the analysis, we will neglect the angular
dependence ¥ and set cos? = 1. We approximate d3(') and d4(°) by !
(51), d1(~), dz('), ds('),
and d9(°), dlo('), d11(°),

d6(°), d7('), and ds(') by (46),
and dlz(') by (88). 1In Appendix C,

¢, is shown to be nearly zero. Making these substitutions in (87),

we obtain
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M'(w, Aw, AB, Ay) =

i

- - 1/6 - \
Acl - 6.49(wew) 1/6la AB*AB+ 4c -6.49(wew) 1/6]a Aw-AB\
L | o : 1 10

exp \-k2 +'2c1uo + 1.62(w » a)—1/6a1‘ Aw ¢ Bw !
1 .

- - 2
+[2.92(0-w)

—1/6a
1

1

- Lsz@h

Ay-Ay>'1/6(B-B—Am-Aw) ulJ J

(89)
This equation is quadratic in AB. Completing the square and inte-

grating over the AB plane yields

Mo<a, Aw, Ay) =

1/5

2 ( [
T exp 1-k2L3(£2u0) a + 1.62(w » w) 1/6u

] S
S Aw ij

exp <(-kz [2.92(5-5)

[ 5/6u

-1/6
1 sz-Ay) (E'ZrAwko)aJl

1 J
(90)

- 1.62(4h

- —wn

where Y' is given by:

1/5
Y =12 (kzuo) - 6.49 (@« 7Y/6, (91)

The Ay dependence is no longer Gaussian, and we emphasize that this
) approximation is valid only for very large lhlAyl. In particular,

setting Aw = 0 and taking the limit as IhlAyI + o

2
r - )
2n exp 1-2.92 K2 a lw15/3] . (92)

) lim Mo(a, 0, Ay) =

2,
|h By |+ kYla,
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Equation (76) predicts that Mo(ﬁ, 0, &y) » 0 as IhlAyl @

However, (91) predicts that Mo(a, 0, Ay) » g(a, Gy 9 hl) #0

as 'hl 8yl + =, We also note that as lwl increases, the value of g
decreases, To bound the region where this effect is significant,

We define w as

wl >w .
we propose to neglect g when {w] o 2

r
I 2 = 5/3] _ _
exp | 2.92 Koy Iwczl } exp {-2} (93)
Solving for w.o yields
_ 9 3/5
LT R . (94)
¢ 2.92 k @)

It is more convenient to express w , as a multiple of w, - Using

c2
(27), we obtain

= |1 + = w . (95)
Equation (95) bounds the region where the noted phenomenon is sig-~

nificant. The effect 1is significant for spatial frequencies w

such that w . < lw] < @ .. We note that

cl c2
s 3w (96)
» Kw (s7)

where K depends upon the ratio of surface-to-high-altitude turbu-
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lence. Some values of K are tabulated in Table 1.

Table 1. Representative values of X as a function of
the ratio a /a
[

1
aolu1 K
100 15.9
10 4.2
8 3.7
4 2.3
2 1-5 1

We now make a key observation. If aolul <5.2 (i.e., if @

is at least 20 percent of ao), then BCZ < acl and (76) is valid for
all |a] > acl. On the other hand, if uo/a1 > 5.2, then there will
be a nonvanishing region in which the Gaussian model in Ay must be
replaced by a Gaussian plus constant model. However, the width of

this region does not become significant until ao/a1 > 10.

At this point it is useful to partition the © plane into four

regions:
a. Jlwl < w,
b. @, < Huw) < @,

c. wyy <lal <,
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d. = -
® g < |l

Under the assumptions |lAw| < w s [288 + Awl < w_ and fayl < By.»
in region (a) the entire aperture appears coherent. Region (b) is
the transition zone from complete to partial coherence. In region
(c), MO(B, Aw, Ay) is best modeled by the product of a Gaussian in
Aw and a Gaussian plus constant in dy. In region (d)
MO(G, Aw, Ay) may be modeled by the product of a Gaussian in 8w
and a Gaussian in Ay. We have shown that region (c) vanishes for
moderate to strong upper atmospheric turbulence.

Equations (89) and (90) are strictly valid only for the
double~impulse model of C:(h). However, the analysis should extend
to more general Ci(h) profiles. The key result is contained in
(92). We conclude for the general case that if some appropriate
measure of the turbulence in the upper atmosphere is much less than
the corresponding measure of turbulence near the surface (i.e.,
less than 10 percent), then there will exist & nonvanishing region
(c) Gcl < lwl < acz where our models for Mo(a, Aw, Ay) and
ﬁo(ﬁ, Aw, Bw') given by (76) and (77) will not be valid. For the
double-impulse model of Cﬁ(h), we can predict the size of the
region and the form of the deviation from (76) and (77). 1In the
more general case, the exact form of the deviation cannot be pre-
dicted by a closed form expression. We note that, physically, the
phenomenon we have described is the transition of the imaging
problem from the isoplanatic case to the nonisoplanatic case.

One reasonable technique for measuring the relative amounts
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of upper atmospheric and surface turbulence for an arbitrary sample
function of Ci(h) is to compute the moments Hos Mps and ¥, of the
sample function and then convert these values into an equivalent
double-impulse model. Equation (95) can then be applied to deter-

mine the approximate value of Bcz' For example, consider Huf-

i

nagel's simple model (9] for C:(h):

-13 3
[E;Z_LFLQ... h < 20,000
() = . (98)
1 0 h > 20,000 ]

The moments of this profile can be easily computed:

w164 ¢ 10712,

3.00 - 1077,

"1

3.00 » 10°°.

n

2
An equivalent double-impulse profile would have parameters

e =1.34 » 10712,
o]

a, = 3.00 - 10'13,

h, = 10 .
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Computing acz, we find that

Gcz ~ 2.8 w, .
We conclude that region (c) vanishes for this profile and (76) and
(77) are valid approximations for all lw| > 3w_.

In general, region (c) is significant only for atmospheric
models with extremely weak high altitude turbulence, From the
above analysis of Hufnagel's simple model and other published pro-
files of Ci(h), it appears reasonable to conclude that models with
such extremely weak high altitude turbulence are not often encoun-
tered in practice.

Returning to the questions posed before embarkiﬁg upon this
series of derivations, we find that simple analytical expressions
can be found that approximate Mo(a, Aw, Ay) and §°<5, Aw, Aw'),
Our models for these two functions are given by (76) and (77). We
find that Ci(h) influences MO(B, Aw, Ay) and ﬁo(a, Aw, Aw') through
the zero, first, and second monents (uo, My and uz). These are
the salient parameters of the refractive index structure constant,
and aside from condition (12) the general shape of the sample func~
tion is unimportant. We will discuss the impact of the smoothing
function ﬁo(a, Aw, Aw') on the imaging statistics in section 8 of

this report.

6. Numerical Verification of the M Model

In this section of the report, we will summarize the results

~- 43 -




of numerical analysis performed to test the validity of the closed

form expression for M,. The integration over AB called for in (34)
was computed numerically and compared with the value predicted by
our model. Only one-dimensional problems were considered to keep
the numerical routines tractable. The details of the numerical
integration algorithm are discussed in Appendix D. The one-dimen-
sional equations for Mo(a, Aw, Ay) are given in Appendix E.

The calculation of Mo(a, Aw, Ay) requires two integrations:
the first with respect to h, and the second with respect to AS.
Initially, the numerical complexity of the integration routine was
simplified by presuming the double impulse model for C:(h) (Fig.
2). This supposition makes the integration over h trivial.

Three double-impulse models were considered. Théy differ in
the ratio of upper-to-lower atmospheric turbulence (i. e.,

Ci(hl)/C§(O)). The model parameters are summarized in Table 2.

Table 2. Parameters of the three double-impulse models.

2 | .
Cn(h) model o a h,
1% 10712 10714 10%
10% 10712 10713 10%
25% 10712 2.5 « 10713 104

We refer to the three profiles as the 1 percent, 10 percent, and 25
percent models, where the percentage is the ratio of upper-to-lower
atmospheric turbulence ((ullub) « 100). 1In each case we set the

height of the second impulse, h;, at 10,000 meters. The various
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atmospheric cutoff frequencies (wc, w

2
RY wcz) for the three C_(h)

profiles are tabulated in Table 3,

Table 3. Cutoff frequencies for the three double-impulse models,

2 -_ -
Cn(h) Model W ©.q w5
1% 0.050 0.150 0.797
10% 0.047 0.141 0.198
25% 0.044 0.132 0.116

All three wmodels have comparable values of w, and ZEI' However,

the value of ac varies considerably among the three models. This

2
is due to the wide variation in the relative amounts of upper-
atmospheric turbulence in the three models. The 1 percent model
implies extremely weak upper-atmospheric turbulence and hence the

value of ac is large. The 10 and 25 percent models imply moderate

2
and moderate-to-strong upper—atmcspheric turbulence and have corre-

spondingly smaller values of ac Indeed, for the 25 percent

9
model, region ¢ has vanished (section 5).

The values of Mo(a, Aw, Ay) computed from (E2) and by the
numerical integration of (30) were compared for many (350) combina-
tions of a, Aw, Ay. The correlation was found to be very good,
with errors generally less than 10 percent until MO(B, Aw, Ay)
approached zero.

Some typical results are plotted in Figs. 3-5. 1In each plot

cross sections in the Aw and the Ay directions are shown, with the




other parameters fixed. The numerical integration data are plotted
in a dashed line, while the values predicted by (E2) are plotted in
a solid line.

Figures 3a,b-5a,b 1llustrate the roll-off of MO(B, Aw, &vy)
in the Aw direction with Ay = 10-7 rads. Since Ay << Ayc, there is
effectively no attenuation of Mo(a, Aw, Ay) due to the separation

Ay of the image points, Similarly, Figs. 3c,d-5c,d illustrate the
roll-off  of Mo(a, Aw, Ay) in  the Ay direction with Aw = 10_3
meters. Since Aw << W there is effectively no attenuation of

Mo(a, Aw, Ay) due to the difference in aperture spatial frequen-
cies Aw. Figures 6a-6b are analogous to 5a and 5b except that a
much larger value of Ay was selected (Ay =3 - 10_6) to illustrate
the cross section in Aw when Ay is sufficiently large té contribute
to the attenuation. Also, Figs. 6c and 6d are analogous to 5c and
5d  except for the selection of a larger value of
dw (Aw =3 » 10—1), to illustrate the cross section in Ay when Aw
is sufficiently large to contribute to the attenuation.

Figures 7a and 7b demonstrate the rapid degradation in the

model for Mo(a, bw, Ay) (E2) for w < Bc From Table 3, for the 25

1
percent profile, Bcz = 0.116 meters. Figures 7a and 7b are plots
of the Aw and Ay cross section, with @ = 0.100 meters. For this
value of ® slightly less than acl’ the degradation in our model 1is
already apparent. Other numerical results indicate that the break-
down of the model is rapid and severe for w < acl'

There is strong wmotivation to further verify the model for

Mo(a, Aw, Ay) by generalizing the numerical comparisons made above
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to more general sample functions of Ci(h). Unfortunately, the
computational complexity of the 'nested" integration implied in
(30) can rapidly become overwhelming even for reasonably "well-
behaved" profiles. Rather than tackle this more comprehensive
problem, we have tested a sampled version of Hufnagel's simple
model:

-13

l;é_:g}fl__. h < 20,000

c§<h) = ) (99)
1 0 h > 20,000

This profile was sampled at 1 km intervals resulting in the multi-

ple impulse model shown in Fig. 8 with

i 500 | o, 10713
a = J P S-S S S dh,
o 0 h

(2i+1)500 S §

o, = 1—51-7;51——— dh 1<ic<19,
(2i-1)500
20,000 | ., ;,-13
oy = L2t 20 an.
19,500

The corresponding Aw and Ay cross-sectional plots generated by the
numerical integration of (34) with this profile and the values
predicted by (El) are shown in Figs, 9a-9d. This model has a sig-
nificant level of upper-atmospheric turbulence, and so (El) was
used rather than (E2). Once again, the dashed line represents data

calculated by numerical integration while the solid line represents
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our model.
In conclusion, we have shown the closed form expression (E2)
for MO(B, Aw, Ay) to be a reasonable approximation by comparing
(E2) to data obtained by numerical integration of (34). 1In partic~
ular, our numerical experiments verified the following phenomena:
1. The behavior of Mo(a, Aw, Ay) in the Aw direction is
modeled well for all w > acl by a Gaussian curve,.
2. The behavior of MO(B, bw, Ay) in the Ay éirection is
modeled well for u , < o <o

cl 2

constant. For w > Bcz’ the behavior of MO(B, Aw, Ay) may

by a Gaussian curve plus a

be modeled by a Gaussian curve in Ay. The approximation
improves for increasing .

. 3. For Ci(h) profiles with significant upper-atmospheric
turbulence, acz < acl and we may neglect the phenomenon
described in (2).

4. For w < Bcl’ the model ceases to be valid. The breakdown

of the model in this region is rapid and severe.

7. Comparison with Fried

In this section of the report, we will compare some of the
implications of our wmodel for Mo(a, Aw, Ay) with similar conclu-
sions made by Fried, et al. [10, 11]. We can associate the param-
eter Ayc of the model with the size of the isoplanatic patch.
Fried has proposed the following expression for Ayc:

’ H -3/5
by = f2.91 12 | 02’3 ¢Z(h) dn+ . (100)

0 n
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We have compared the isoplanatic patch sizes predicted by Fried
(100) and by our model (81) for the Ci(h) profiles discussed in the

previous section.

ay = h?y (u, = wi/u )1-1/2 (81)
Ve T 1 WM 1'%/

with

1/5
vy =12 (Pu) - 9.73 (1 - 3 cos’ e) @ o Vo (8

Since our model includes some weak dependence on o] and the angle
between w and Aw, we will set lel =1 and 8 = 0 for the purpose of

comparison. The results are tabulated in Table 4.

Table 4. A comparison of the isoplanatic patch size
predicted by (81) and by Fried.

C:(h) Profile Eq. 81 ! Fried |
1% model by, - 2.06 - 107 Ayé.= 5.27 + 107
10% model 6.74 » 107° 1.32 + 107
25% model 4.47 + 1078 7.64 + 10°°

Sampled Hufnagel model 3.98 « 1076 7.03 + 107°

We find very reasonable correlation with differences on the order

of a factor of two.

- 49 -




8. Effects on Imaging Equations

We will now consider the effects of MO(B, fw, bw') on the

imaging statistics. We assume Mo(a, Aw, Aw') to be of the form

given in (77):

ﬁom, bw, Aw') = V exp {-duw' * Aw'/(Awé)z} (101)
where
2
by
v = 2n? 5 Sm exp {~Aw - Aw/(ch)z} . (102)
k Yluo

Substituting this expression for MO(B, Aw, Aw') into (39), we
deduce the following expression for the Fourier transform of the

second-order statistics:

4 o
- 4 (2m) - -/ Aw'\~ Aw'
w(wl, wz) = 4|Al -—z;;E v F, (e, &) {i 0 \wl —-—E_>o (FZ + —TT{)
' 2y .2,
e exp {~4uw' * Aw'/(Awé] } a%aw'. (103)

In the following analysis we shall neglect the factor preceding the
integral in (103). This factor includes scaling constants and
gain~attenuation factors in both the w and Aw planes. Our primary
interest here is in the distortion of the second-order statistics

in the Aw' plane. We define
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W'(wl, wz)

exp {-tu' + aw'/(au))?} a?awr, (104)
To provide more insight into the smoothing effects of
Eo(ﬁ, Aw, Aw'), we shall assume the image to be Gaussian. The

Fourier transform of a Gaussian is still a Gaussian so we may

assume that
- 2
0(w) = exp {-w » w/2°} . (105)

Substituting (105) into (104), we obtain

© (w, - Am'/2)‘ (w, + Aw'/Z]]
W'(wl, wz) = f[ exp Jl" 1 92 -J'\ exp {" 2 Q2 JL
« exp {~Aw' ¢ Aw'/(Amé)z} aZaw’ (106)

The integral may be computed by expanding the exponent and complet-
ing the square in Aw'. Neglecting an unimportant scale factor, the

integral is

5 ) [ 2(Awé) w e w l [ w - w, |
w ., W = exp < . exp -
1* 2 P [92[(Aw;)2 + 292]‘ l o?
Al
w, W,
. exp .{- Lo 2 . ZJK, ' (107)

We observe that the second and third exponential factors in (107)
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are just a(wl) and a(wz). We can express the integral J(wl, wz) in

terms of @ and Aw by observing that

- L] -— L ] \
(ml h)z ] (wl N2 ) + (w]. + (U2 ) (wl + wz J
2 2 ’ 2

20 ¢ »+ 20w + Aw. (108)

Substituting (108) into (107), we obtain

2 - - .
[ 2(A(A)') W e* w f ~ =
J(G, Aw) = exp /‘ 3 < 3 5 l> exp ‘- 2w 5 we
1 2l (80:)? + 207] | A
. ol .
T exp Lo = (109)
| e
Collecting terms in B,
w0 [ © e ow 2 ] ( o A i
J(w, Aw) = exp - 20 5 ‘B’ 20 2] exp | - 2Aw : Aw |
| e [ ] T e

From (110) it is apparent that the imaging process has not altered
the statistics in the Aw plane. However, the Iimaging process
broadens the statistcs in the ® plane. Specifically, the width of
the function in the w plane is increased by the factor

1+ (8w2)?/202.
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9. Summary and Conclusions

This report deals with the problem of astronomical imaging
through a turbulent atmosphere under conditions that force us to
abandon the usual assumption of isoplanicity. Integral equations
are developed which relate the object to the first and second mo-
ments of a series of short-exposure images. These equations in-
volve the structure function of the atmosphere, which is shown here
to be reasonably well approximated by a 5/3-law model for all
values of its argument,

A detailed analysis of the effects of nonisoplanatic imaging
potentially involves a considerable amount of numerical computa-
tion. Much of this computation can be avoided, and at the same
time our insight into the process can be enhanced by making certain
approximations to some key functions which describe the effects of
the atmosphere. Several such approximations are studied in this
report, and their validity 1is checked against results obtained by
numerically integrating the original functions. We have obtained
some useful models which are accurate under a wide range of reason-
able conditions and whose use greatly simplifies the analysis of

nonisoplanatic imaging.




APPENDIX A

In this appendix we consider the derivation of the first- and
second-order statistics of a set of speckle images in greater
detail. The uncertainty in the images 1is due to variations in the
point-spread function s(x, vy). To obtain expressions for the
first- and second~order statistics, it is necessary to compute

E{s(x, y)} and E{s(xl, yl] s(xz, yz)}. From (5) we find:

E{s(x, y)} = |A|2 J [ [ [ a8+ w)a(B) explj8(8 + w) - j8(8)]

-0

» expl-jkw ¢ (x - y)] E{exp[¢(8 + w,y) + w*(B,y)]]dzdew

(A1)

where
Yo, o) = x(o, o) + jo(e, ). (A2)

We assume that x(+, ¢) and ¢(+, *) are uncorrelated, jointly Gaus-

sian random processes. Furthermore, we assume that

E{x(s, ¥)} = X (A3)
and
E{¢(-, y)} = 0. (AL)
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For notational simplicity we define
g(B, w; y) = w2 + w, y) + y*(8, y). (A5)
We note that g(B, w; y) is a Gaussian random process. To compute

E {explgl]} we use the fact that for a Gaussian random variable x

with mean p and variance ©

1 2
E{explx]} = exp [u + E-cj. (a6)
Applying (A6), we find that
Ef{exp{y(B + w, y) + ¢*(B, y)]} = exp {E[g(S, w; y)]
(A7)
1 2
+ E-E[(g(B, w; y) - E(g(B, w; yIN 1},
From (A2-A5) we infer that
E{g(8, w; y)} = 29 (A8)

and

E{(g(B, w; y) - ECg(B, w; y)IZ} = E{(x(B + w; y) + x(8, y)

v 508 + w; y) - j6(8, y) - 2x1%) . (49)

Since x(+, *) and ¢(+, °) are uncorrelated and $ = 0, we can elimi-
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nate the cross-product terms involving both x(+, =) and ¢(-, ),

Hence
E{(g(8, w; y) - E(g(B, w; y))1%} = E{{x(8 + w, y) + x(8, y)

- 2002 - E{1e(B + v, y) - o8, 1%} . (A10)

For convenience, we introduce the notation

DA, &) z E{lulz + 4, y + & - wz, P}, (A1)
DX(A, §) = E{{x(z + &, y + &) - x(z, y)]z} , (A12)
D,(8, & = E{l4(z + 8, y + &) - 4, 1%}, (A13)

BX(A, 6) = E{lx(z + 8, y + 8)x(z, y) - E{x(z + &, y + 8}

E{x(z, )Y} , (A14)

i

DX¢(A’ 8) E{[x(z + A,y +8) -~ x(z, ]ld(z + 8, y + 8)

¢z, y)1}.

t

(AlS)

With this notation and some algebraic manipulation, (Al0) becomes
2 2
E{lg(8, w; y) - E(g(B, w; yNI°} = -D¢(w, 0) - Dx(w, 0) + on

(Al6)

where
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ox2 = E{{x(8, y) - }]2}. (A17)

It has been shown {6, 12] that from conservation of energy consid-

erations, ox2 = ~-X. We also observe that
D(a, &) = D¢(A, 6) + DX(A, 8). (A18)
With these substitutions, we have
E{[g(B, w; y) - E(g(B, w; y))]z} = -p(w, 0) - &Y. (A19)
Finally, from (A7, A8, and Al9),
E{explv(B + w, y) + ¢*(8, y)1} = exp l— %-D(w, 0)] . (A20)
Hence

E{s(x, y)} = 1al? J ] exp [- %-D(w, 0)] expl~jkw * (x - y)]

- 00

[\

« ] J a8 + w a(B) explj8(8 + w) - j8(B)] d28 dZw.
Y
(A21)
To compute the second order statistics, we must develop an

expression for E{s[xl, yl) s(xz, yz)}. From (9),
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@ o < o

B{s(xys v )s(xy0 v, )b = 1818 1 1 11 (] p(8), w, 8,, @)

-0 - —00 —00

2, 2 .
* M(B, w, v By, 0y, y,) %8 d%8, exp[-ike, ¢ (% - y)]

. 2 2
- kaz . (x2 - yz)] d @y d w, 9)

where

«exp[38(8, + w ) - jo(8) + jo(s,) - jo(p, - w,)]
(10)

and
M(Bl) wls yl’ 82> wZ’ y2) = E{EXP[W(Bl + mla Yl) + tll*(Bl, Yl)
* -
+ 4(8y, v)) + wx(8, - wy, y,)]l D
The expectation in (11) can be computed by methods analogous to
those used to compute the expectation in (A7). The calculations

are very tedious, however, and will not be included here. Rather,

we refer the reader to Fante [3] who argued that
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1
LByt ruy, Y - yy) -3 D(B1 = By ) T Y,)

1 1
¢ 0(B) ~ Byt ey -y v (B -8y vy yy - yy)
+ 2Bx(81 ~ 82 + wl, Yy - yz) + ZBX(ﬁl - 82 + wz, y1 - yz)

+ 30, (B) - By +w, y) -y, - D (8 -8, *+w, vy - y,))

(A22)

Fante [3] has shown that the BX and DX4> terms may be neglected. We

conclude that

M(B,, 6, ¥y Byty v,) = expl~ 2{p(s), 0) + D(w,, 0)
17 Byt ety Yyt Y]
= By, ¥y T V)

- (B, -8B, v,y - y,)

- D(B1 - By W,y - yz)]} . (A23)




APPENDIX B

In this appendix we compare Kummer's function with the qua-
dratic and 5/3-power approximations. We recall that Kummer's func-

tion is the confluent hypergeometric series

2
az  (a)(a + 1) 2z
Tt*mer ot (17)

1Fl(a, b, z) =1 +

We are particularly interested in the Kummer's function that ap-

pears in (16)

2 2
Fol-2, 1 o
1\~ b 7%

where K = 5.91/1o and 10 is the inner scale size of the turbulence

(typically 1 mm).

The quadratic approximation of Kummer's function minus one is

k2p? k22
5 0 5 m 2
F -2 L —- - -2\ — ) o] <K R (B1)

. . . . . 2
The term 'quadratic' approximation is derived from the p term,

Similarly, the 5/3-power approximation is given by

2 2 2V5/6

Kmp

o > .
R VAN

[,
o]
[y
/"\
awn
—
&g N

2 \576
_ 1 I m 5/3 (o] > 2
(T(ii76) \ & L P X

m
(B2)

- 60 -




%‘ e .
K o |
a -
M e
g 20—
L]
| e
. F e
? U as
i S e -
‘ T .
| | -
; o]
| N ‘
| » !
eeveE +:
£-04 T-03
1 evet-S 2 eeet -3
184 RHO
2O,
|
N [ I
Mo 1 |
™M ! )
£
R
S
F
V]
N
o
T
|
0
N
1 0oL+
i
1008t - 3 2 200E-13
108 RHO

Fig. 10. A comparison of Kummer's function with the quadratic and 5/3-
power approximations, Curve 1 is Kummer's function, curve 2
is the quadratic approximation, and curve 3 is the 5/3-power
approximation,

e




Kummer's function was computed numerically by summing the
first one hundred terms of the series. This partial sum was ob~
served to converge over the range of p considered. The value of
Kummer's function is plotted in Fig. 10 along with the quadratic
and 5/3-power approximations. The quadratic approximation is ob~
served to diverge rapidly from Kummer's function for p > 8/Km,
However, the 5/3-power approximation appears to be a reasonable
approximation to Kummer's function for all p. Hence, we have mod-

eled 1Fl(-5/6, 1, -(Kipz)/a) by (23) throughout this paper.




APPENDIX C

In this appendix we consider the problem of selecting the

coefficients ¢; and S in (51) so that

d(p)=c1p-p+c, ol = w . (51)
o

For convenience we define

glp) = cp et (c1) .

We would like the approximating function g(p) to be optimal in some

sense. In particular, we have considered four criteria for select-

ing the coefficients ¢} and c:

H 1. Set

exp {—d(p)}‘p=mc = exp {-8(0)}‘p=wc

and €o = 0.

2. Set
exp {-d(p)}| _ = exp {-g(p)}| _
lp mc ‘p wC

and

d . d
T lexp {-d(p)}]|p=mc =g, lexp {-g(o))]lp=wc.




3. Minimize the functional

J. = | exp {-ad(p)} dp - | exp {~ag(p)} dp 2
Vo 0

where a is some positive constant (a > 0),

4. Minimize the functional

3, = % 14 - (1% ap

O—£

The constants c¢; and ¢, can easily be solved for in each

criteria listed above. The results are summarized in Table 5.

Table 5. Equations for c  and c; resulting from
each of the four criteria.

Criterion Equations for ¢, and ¢
1 c_.=0
° , L5
c; = 3.15 (x uo)
2
2 e, = 0.33/(x“u_)
o
2 1/5
¢ = 2.63 (x uo)
3 ¢, =0
2 1/5
¢) = 3.093 (k7u_)
4 ¢ = 0.0822/ (k% )
o o
2 1/5
¢y = 3.15 (k%u )
_63_




From the table we observe the expressions for c, and ¢, to be
reasonably consistent for the four criteria we have considered. We

have selected the following expressions for c; and c.:

9 1/5
e, = 3(ku) (74)

c =0, (75)
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APPENDIX D

In this appendix we will describe in more detail the numeri-
cal integration routine used to integrate (34). The integrand of
(34) is M'(w, Aw, AB, Ay). This function can be loosely regarded
as approximating a Gaussian surface with peak near AB = -Aw/2. The
function rapidly approaches zero for Af  such that
|88 + Aw/2) > w_ . Hence, we should concentrate the numerical ef-
fort in this region.

The numerical analysis was performed only for one-dimensional
problems. It was desirable to use an algorithm that would find the
peak described above and automatically concentrate the number of
function evaluations in the vicinity of the peak. Since |aw] < W,
and the width of M’(G, Aw, AB, Ay) in the AB direction is about
w., we truncated the integration over the AB line to the inverval
[-1, +1]. Since w, -~ 0.01 to 0.1, these bounds on 4B are very
loose. To guarantee that the narrow peak of M'(w, Aw, AB, Ay) will
not be missed by the routine, the interval [-1, +1] was divided
into twenty subintervals. An adaptive Romberg [13] integration
algorithm was applied to each subinterval and the results were
summed to yield the solution. 1In this manner the algorithm wastes
little time calculating function values of M'(a, Aw, AB, Ay) at
values of AB for which the function is small and not rapidly chang-
ing. The computational effort 1is concentrated near the peak of
M'(w, Bw, AB, Ay).

The routine was found to be robust but rather inefficient,
The emphasis here was placed on reliable results and not computa-

tional efficiency.
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APPENDIX E

In the one—~dimensional or slit aperture case, all vectors are
colinear so cos’ 8 = 1, and the model for Mo(a, Aw, Ay} can be

simplified to:

MO(B, Aw, Ay) = -~ exp {—AyZ/Ayz} {exp —szlAmz} (ED)

k Eluo

where

2
ch = 21
k Ezuo
_ 1
Ayc 2

kg (v, - uf/uo)

For the double impulse model, we can extend the one-dimen-
sional model (El) into region (c) (section 5) by modeling the Ay
dependence by the sum of a constant and a Gaussian. In this case,

it is readily shown that

lim M_ (w, 0, Ay) =J——2“ exp {-2.92 k2u1|al5/3}
k

9
|h1Ay| o Eluo

I1f we assume that uo » a, we obtain the model
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* exp {—AwZ/AwZ} (E2)

where
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1. Introduction

The efforts reported here are a continuation of the Speckle Imaging
efforts previously reported [1]. Our goal was to develop a Speckle
Imaging algorithm for non-isoplanatic conditions. In particular, we
wanted a general framework based on linear algebra in which to examine
the many various alternatives.

The remainder of this report is divided into nine sections. Section
Two briefly reviews the non-isoplanatic speckle imaging problem under
simplified conditions. The Third Section develops both a linear
algebra representation of the discretized speckle imaging equations
and a corresponding graphic representation. The decomposition of
rectangular matrices is reviewed briefly in Section Four. Section
Five develops the relationship that allows two-dimensional images to
be treated by the linear algebraic methods being developed. Section
Six develops and examines algorithms for non-isoplanatic imaging based
on the factorization of the second order statistics. The joint
estimation of the object and the non-isoplanation characteristics are
discussed in Section Seven. Sections Eight and Nine discuss the
effects of the simplifying assumptions which made the linear algebraic
development tractable. Finally, a class of restoration algorithms for
non-isoplanatic Speckle Imaging is given in Section Ten.
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2. Statement of the Problem

Our aim in this work is to restore telescopic images, namely to find
the original image, the object, from images corrupted by the turbulent
atmosphere. The work is based on an analysis by Sherman {1]. In
particular we wish to consider the removal of what is called the
non-isoplanatic effect through use of second order statistics namely
the average of many identical images (save atmospheric effects) of
some celestial object. The above paper provides the analyses and we
take as a starting point its equation 38 which we want to solve for
the original object. It behooves us here to try to give some
intuitive interpretation to this equation or rather to the

corresponding relationships of the Fourier transformed variables.

Thus, if we denote by a tilda (™) a Fourier transformed variable, the
corresponding equation which we call (§§) is obtained from (38) byﬁ/
eliminating the integrals with the inverse Fourier kernel. Thus (38)

is

/I\J A / 2
~ ~/ —_— —_ - ; " . o~
Eff )} = rygsa i A“‘)«& Ol g )Mt s e 1 AT58)
/
—
A ~ ~/
In (38), 0 is the transform of the object, while I is the transform of
the image. To understand the mechanism let us substitute for the

expectation of (38)

\

A A & Sy
Z; {bﬁmﬁ)izﬂuzi;'::£r ;é).%i/“7)4Z?‘Ag‘) (1)

namely the left hand side of (555 is approximated by the sample,
second order moment of Q images. Because the effect of the turbulence
could be considered as adding a random phase component in the Fourier
plane, (1) would generally represent summation of complex numbers with
an added random phase which would cause partial to full cancellation
except in the case where

a4

;Z%[aﬁ}-:_jf;f/d&) ,for all q. (2)
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Then the product is always positive with the sum adding up because

I “ ) :]4;/—[02 ) (3)

hoids for an original real (physical) image. We thus could say (proof
in {17 ) that the atmospheric effect on the expection of (1) for
Jw. and /w3 > w. is to multiply what would have been otherwise

obtained by M,(«,ow), where @ and && are given (as defined in [1]
) by:

Aw= WrWa o w = Y% (4)
Z / 2

The ,4W plane (taking for illustration pusposes only one dimension
of each of and&, ) is rotated with respect to the i, w; plane by
45° (and actually also reduced by a factor of 72 ). We show My in
Figure 1. Mi is, except near the origin, a function mainly of Aw and
only weakly of . Thus, on the line 4Y=-s My is maximum and it
tapers off as we move away from this line. It can be approximated by
a Gaussian curve. We also have a factor, Eq, which measures overlap
of the aperture with four shifts. What it signifies is that the
Fourier plane is truncated by the aperture of the telescope and that
the overlap of it appears in the correlation. Eq is given by

E (5,00)= [Jatpesmamiaapoo)afpez)ds

where a(+) is one inside the aperture and zero outside. We may note
that, because we are interested only in the region around a;=-@iwhere
Ms#0 and that a(')=éi-), (5) reduces to the two shift overlap
function for the region of interest.

M3 represents in (533 the non-isoplanatic effect. This is the effect
we want to remove, or more precisely, the effect despite which we want
to achieve reconstruction of the object from Fourier plane data. The
impluse response of the imaging system and atmosphere combined is, in




|

W,
A
AN
N
AN
N 4
Y /
N
c1E N
e 7 AN
\
-~ w}_
N
Fy N




system theory terminology, shift variant under non-isoplanatic
conditions. The interpretation of (533 means that the effect of Mz is
that the value of the expected cross correlation at a point ( &, %2)
is given apart from the M;F, effect by smoothing along a segment of
4W= constant with M3 as a weighting function. Figure 1 illustrates
this smoothing graphically. The weighting function, M3, is

/

approximately a Gaussian function with a width of “.




3. Algebraic Formulation of Discretized Equations

We rewrite (35) here as
! +“//M/£(// a/az//
w, )= /o/w,—gm(wl 5 )/5#) (6)

where the (7} notation has been dropped and cﬂ is taken only in the
range of support of Ml and F?‘ Let us assume for awhile that (&, and
(v, are one dimensional (rather than two). Let us assume also that we
digitize (6) on a uniform grid. Then we have a discrete version of
(6),

K
'y m,m) = }R Ol A moh) i) (7)

0(m) is a (column) vector and thus we can consider O(m-k) to be
another vector generated from the first by a shift of elements. Thus
all possible values of O(m-k) for L<m<H, -R<k<R could be represented
by a Toeplitz matrix whose elements are O(m-k).

.

}Q(éfﬁ) Col CYA'K)A (8)

where the left subscript T means that the Toeplitz matrix .0 is
obtained from the vector 0 by appropriately shifting the elements.

Because M3 is similar to the Gaussian function, we select R according
to the precision required. Similarly we can define,,O as the
generation of a Hunkel matrix whose elements are O(m+k) from the
vector 0. Note that while the elements of the Toeplitz matrix ar~ the
same as diagonals, they are the same on antidiagonals in Hunkel




matrices. Thus (7) can be written as
T
[J(m,,ml)] = TOMHO (9)

where superscript T indicates the transpose and M is a diagonal square
matrix whose elements are

/Vh‘a' = M o(/t‘—}')» (10)

Figure 2 graphically represents (9). Any element ofcy, Jocated say
at m,n is obtained by a scalar or inner product of row m from .0 times
column n of HOT {or row n of,io), weighted by the diagonal elements of
M.

We should also note that a Hunkel matrix could be obtained from a
Toeplitz matrix and visa versa by multiplication by an "antidiagonal”
unit matrix
T [ 2P
o % o

so that (9) would become

[J[m,,ml)] - TOP/.]%OT (12)

We note also that in (9) or (12), M could be absorbed into .0 and

being diagonal M multiplies each column of 70 by a constant mige It
of course could be also absorbed into the right as M=MT, or we could
split M, say symmetrically, into M=TMM. Also M commutes with J to

produce for example,

[J(m/)mzjj = 701/7”7 J—W‘—//—TO (13)




"

r ol

v&. (W‘. “‘z-)

OT(m,_k)
H

Figure 2. Illustrating equation 9
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4. Decomposition of Rectangular Matrices

We wish first to review and present in a form to be used later some
results from linear algebra. Consider any pxq rectangular matrix
A=[a(i,j)] of rank r. This implies that we can find r independent
columns of this matrix and express all other columns as linear
combinations of these columns. Thus we can write

A:AR AZ (12)

where A is the pxr matrix generated by the above columns and A, is a
gxr matrix whose columns are the coefficient of the linear combination
that generate the columns of A. We could alternatively start by
saying that any row of A is expressed as a linear combination of r
rows. Thus, it is said that AK and A, are respectively composed of
vectors which span and are a basis of the columns space of A and AT,
This decomposition is called "full rani. decomposition or “full rank
factorization". The name implies the full column rank of Ag and row
rank of AZ: This is shown graphically in Figure 3. We should note
that the decomposition is not unique, because all possible Ag span the
same column space of A and all A, span the row same space of A. One
Az is related to another by a non-singular transformation, and we
actually can also write a more general decomposition

/11‘1 ZS; (:.13;?; (15)

where C is a non-singular rxr matrix (Figure 3c). We may note that we
could use a decomposition with a number of columns in Bg and rows in
Bz-that is larger than the rank. This is more general, but we will
Tose some properties.

While it may seem trivial, it is worthwhile to examine Figure 3 in
detail. Considering Figure 3b, we see that each element ofﬁi, say
cj{', is obtained by a scalar or inner product of the corresponding row

4
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Figure 3. I1lustration of matrix decomposition.
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from Az and of the corresponding column of Az. Looking at Figure 3C,

we see that we can absorb C into BR. This generates a new B, in which
each column is a linear combination of those of the old B;. One could
of course absorb it in Bl and then the operation would be on the rows.
C could also be split into a product C,C, and then C, would operate on

the columns of By and C, on rows of BZ . In the particularly useful
case when C is diagonal, what happens is that each column of Akis
multipiied by the corresponding diagonal element which is a constant.

We should also note that the matrix A can be really only a submatrix
of some larger matrix that has been partitioned. If we consider

Figure 4 or the corresponding equations
_ e
tﬂ(}‘ = ’&EALALC/A @}', (16)

We note that we cannot take all i or j but only some of them. Each
element in tﬁ is obtained from a row Be and a column of BZ. Thus an
independent subset of equations can be obtained if we select a set of
rows and columns from Qq,q[ as shown in Figure 4. In fact the
selected rows or columns need not be contiguous. One should be
careful to note that this selection may change the nature of the
equations represented by the matrix product. For example, B and

B, may contain the same variable which would make the equations
quadratic. Proper selection may change this nature. This possibility
of selection is important in particular cases both because it allows
reduction in the number of equations (at the cost of redundancy or
noise reduction) and change in nature of relationship.

A particular form of full rank decomposition that has become very
popular in recent literature is the singular value decomposition
(SVD). The SVD is a full rank decomposition with two additional
requirements. First, the diagonal matrix C in {(15) of positive
elements (usally called > ) is arranged by magnitude with the largest
one first. Second, QK and BL~(usua11y called U and V respectively)

-11-
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are composed of orthogonal vectors of unit length. The SVD is usually
written with the notation
r T

-
A = Us vy or A= > w717 (17)

¢ -1

if A is square and Hermitian then U is the conjugate of V.

In some presentations in the literature U and V are taken to be square
rather than of a number of columns equal to r, the rank of A. This is
done to be able to make U,V conform to the definitions of orthogonal
matrices. Because the uy, v: for i such that J7 =0 do not affect A,
the two definitions coincide. Because the SVD is a full rank
decomposition (factorization), we may conclude that one can represent
that matrix A by either the SVD representation or the full rank

decomposition of (15) and that the transformation from U to Bg (or V
to B,) is a nonsingular transformation which is recoverable if we know
an r row section of U and By -
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5.0 Representation of Two-Dimensional Data

We previously developed the analysis on the simplified assumption that
our object and image were one dimensional and this led us to a matrix
representation for the basic non-isoplanatic relation for second order
statistics. Because our objects are two dimensional, their Fourier
transforms are also two dimensional. We can write the sampled version
as a function of two discrete variables, n,m or

0 - 0/1’”;”) (19)

and two dimensional version of (7), the basic equation, is

K K
Ly —_ < . Ny A (20)
Jt’”,)’“,jmu”zJ ’1% Fr Ot A A)/H »///‘é*)t’(ﬁz‘j/”ﬂ/é)

and our functions now have four variables rather than two.

Because, we are used to representations of functions of two variables
and they are easier to represent in the plane (paper) graphically, we
would like to map the four dimensional Euclidian space into a two
dimensional one. This can be done in several ways. We start with the
way we look at the original probiem, Figures 5a and 5b. We have a ¢-d
plane, and each point in it is the origin of a perpendicular 2-d
plane, but the axes can be selected in several ways. We deal not with
continuous variables but with a finite set of discrete variables.
These can be mapped from a plane to a line by taking a column at a
time and cascading them. In order to be consistent with our previous
representations, we will use the mapping ofci illustrated in Figure
6. The index space will map into a column by taking a concatenation
of vectors running over n for fixed m. This mapping is the common
raster scan and keeps (20} in its familiar form,

- omo @)

-14-




Ao,
"y 7 M2
p
>,
(a)
A wa

(b)

ok

()

Figure 5. Possible selection of axes.
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Figure 6. Mappings to lower dimension.
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where now the matriceS'cﬂ, 7.0, HO become block matrices. Thus, TO
could now be considered as block-block Toeplitz. This means that in
the m,k block location of matrix +0 we have a Toeplitz block with
indices n,1 and the block themselves have a Toeplitz structure.
Similarly, HO is block-block Hunkel and has a corresponding block
sturcture. M is now again a diagonal matrix, but the values of the
elements are M(’VEEZ;? ) and do not have the bell shape any more.
Figure 7 shows the mapping for the .0 matrix for an arbitrary vicinity
of k,1; 1 ranging from -1 to + 1 (assuming R=1}. This makes the
width of the TO matrix 9=N2'where N=(2R+1). If the m ,n array has
dimensions* uxv, then TO is a block matrix of uxN blocks and each

2
block is vxN. The total matrix dimension is uvxN'.

*Please note the different meaning of the word dimension in a matrix
and in a space. The appropriate meaning will be clear from context.
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6. Algorithms for Factorization

We will introduce here an algorithm for finding O given:i)and Mz. We
show in Section 7 that if M3 is not known it can be found as part of
the procedure. For this purpose let us consider first the Newton
Raphson procedure for finding a square root or finding X given

X" =A (22)

Let XI be the 1th iterate obtained using this Newton Raphson formula

X = X 43'2/)&"/) %) )

t

Xm - Z)z" /Xx-’% #X/) . (24)

We purposely separated (23) and (24). While (24) seems more compact,
it may be advantageous numerically to use (23).

These formulas are known to converge very strongly- namely
quadratically, A simple substitution shows that

x5
b s MK L(X) LG
4 X

So if we have a fair approximation, say ég= .25X, then after the next
iteration we have %;/: 3%X.
b4

Analogously we start with
oM O
J = 7 H ’ (26)
We take the left inverse of.TO and obtain

} s ! 7 N
TO LJ? (7070) OTJ: /I/Hﬂ -/1/46/ (27)
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cﬂ (or rather the selected rows and columns ofcj ) is square.

where again J is the "antidiagonal unit" matrix.

We now assume that Tq’ is the 1th approximation to 0 and define

T —,&7
= t:/ (28)
%ﬂ <2@7Q)7/
We also define Tz!O as the (n+p-1) vector obtained from the nxp matrix
0 by averaging all the elements on the diagonals. ;0 may not be
exactly Toeplitz, or as is the case here the columns may be multiplied
by the factor %6(' We define H"'O similarly. Now we let

\/11/ = 2__)_—— (H'llj/ﬂ*/ (29)
%

%

where the sum is only over the terms inM corresponding to the
elements averaged. This is the compiete range of k for diagonals
which are not foreshortened.

Now let .
9L_[V'-O]
AZC)I"I - 7_ i A (30)

then

_ . /
7()%‘ = 701 #‘ZT[ QJ/ (31)

Vo
T C;}f, = :% T Qév/ ’ C;{JZ (32)

the same comments about numerical advantage apply to (31) and (32) as
those of (23) or (24). Straight application of this algorithm assumes

or

A variant of this procedure which was used in [1] is to normalize
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A= ot

(muitiply by constant) 0., in such a way that the (quadratic) norm
implied from (26) will hold. This converges for the rank one case in
one iteration. Consider a matrix C of rank one

C= X ' (33)

X'= Cx, = XX X= XXk

and

)ﬁ - X VCe (35)

.= 22 a0

and the matrix dot product is defined by
4
255 A; by (37
AeB=Z2271% ’
Then c, can be reduced to
TR
Cof(% X} (38)

Substituting into (35) shows that (34) and (35) converge in one

jteration, when C is rank one,
-/

X - X(XTXO)(XVX“/ =X (39)

If there is more than one non-zero eigenvalue, then convergence will
not happen in one step. The error after the 1th iteration decreases
as the ratio of the second largest eigenvalue to the largest
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eigenvalue raised to the 1th power. This method is an adaptation of
the power method for computing eigenvectors.
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7. Joint Estimation of M3

We assumed that M3 is given to a first approximation by

Z
M}/w’)—_ &WK" f"f) (40)

Actually it turns out that both k{ and a are weak functions of &7, as
shown in Figure 8. As seen from the figure, we can divide the
behavior of M into three regions. In region I, low frequencies, it
is essentially an impulse. Region II is a transition region in which
it widens to a guassian funcion and becomes fairly independent of & in
region I11. Because the low frequency behavior of 0 is known, our
main interest is in region 111 and we have modelled the behavior of
M3 in another portion of this effort.

If we do not know Mj, we can find it as part of our computation to
find 0. As we have seen, we obtain a Toeplitz matrix and each column
of it is multipled by a sampled vaiue of “3 which we called Myse Thus
at one of the computational stages we may obtain (noting Mﬁ@;éfMAA)
the matrix

MH Om—s (a1)
My Om-2
MNOM"‘I
M,,0m
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Figure 8. Behavior of M3.
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Because, apart from Méé’ elements on each diagonal are the same, it
seems that we can take any diagonal and find Méé”p to a constant.
(MAX is a positive number). However, the entries may be corrupteu by
noise or numerical inaccuracy.

If we look at (41), we see that not only elements on the diagonals
differ only by their Mj/ multiplier but also the encircled elements as
a group. At first glance it would seem advantagous to sum all the
elements in encircled groups and normalize the results so that M, =1.
The 0, are however complex numbers and their sum may cancel. It would
behoove us thus to take the sum of the magnitudes in our example or to

evaluate

b

52 =2 1:% //VM O,w,/%/ (42)

and
_ MS,
NM ) //“_i (43)
Se
The number of elements in the summation (a+b+l) is chosen according to
considerations numerical of accuracy, amount of computation, and

signal-to-noise ratic. j
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8. Effects of Truncating of M3

We have stated that we take R such that qbéfo. Because M3 only goes
to zero assymptotically, though very strongly, we would like to find
the effect of truncating the “tails" of M;. A smaller R is desirable,
because it reduces the number of equations (proportional to R ) and
improves the condition numoer,

Figure 9 illustrates the product
7
C=AMD (44)

where A is mxq, diagonal M is gxq, and B is nxq. We want to find the
change in the elements of C if q is taken to be one less. We denote

by - A ~ 3
A Ct;]? - My; Ay /ji//

J (45)
the change in the elements of C generated by truncating the qth
element of M3. The term in brackets is a rank one matrix or dyadic.
Because A,B are respectively Toeplitz and Hunkel matrices, all their
columns have about the same norm. Thus, the individuals terms are
proportonal to M?? and the effect of truncation of the sum at a
certain q is proportional to the "area" under the tails of M which is

!
/
—

approximately Gaussian and tapers off rapidly.

-26-




<%
|
M | Y ﬁ{ g
R R
[
WA c
!
Rz/_/

Figure 9. 11lustrating the effect of truncation of M3.
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9. Effects of the M, F, Schur Product

As indicated before MIE' multiply each term of cp. This is an
operation known algebraically as “Schur Product” and which does not
work well together with the ordinary matrix multiplication. One could
divide<:9 by MF,, but this accentuates the noise and is not
desirable. The basic non-isoplanatic equation (38) can be written as

%Qa}' - /\71 2 /:9} % 70% %j ﬁQ( (46)

d=Mefe[ M0

One way to overcome this difficulty is to consider only one row at a

time of M;F, . Then we could take that one row of M;F, and write it as
a diagonal matrix for one, particular &,. This is depicted in Figure
10 which is similar to our previous representations, with My added and

or

denoting the multiplication of each column of 0 by the corresponding
(diagonal) element of My

T A, .
C’Q“’)‘:TO/\//HO /\Z ‘t) (48)
We have absorbed FV into M, and we can solve for one row of.TO,

T -R
(0 = iy (MO M)
where -R indicates a right inverse.

Thus we can find one row of -0 at a time. Because.rO is a Toeplitz
matrix, we do not need all rows to find the vector 0 but in order to
get more redundancy we would compute one row out of about every aéVZ
rows. The amount of work is large, because we compute every right
inverse anew. Although this difficulty could be resolved if M, were
separable, Mjq is not separable.
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Figure 10. Representation of equation 48.
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10. Restoration Algorithm

We are now ready to write a restoration algorithm for the
non-isoplanatic case in simple algebraic notation. The Speckle
Imaging equations for non-isoplanatic conditions can be written as
functions of two dimensional variables W, ng and 5/,

A
G, w,) = M, w,) 20w, -w) Qs ) e s 150)
JwI<«,
Again, My and F, have been combined into M.A We will assume that the
sample second-order statistics denoted by<;p(gh,g&) have been corected
for the bias terms introduced by measurement noise.

A
Fortunate'ly,:Q (g,,yl) does not have to be computed for all &/, and «@,.
The second-order statistics have non-negligible values and hence
information about the object only for|yesilci;. Thus, we only
crosscorrelate those portions of the image transforms which are
mutually coherent. The size of the mutually coherent area is
described by the atmospheric cutoff frequency,«. . The
non-isoplanatic effect introduces a smoothing of the second-order
statistics as indicated by the summation over g/in (50). This allows
a further reduction in the number of &, ,/, points at which the
second-order statistics must be computed because the redundant values
do not contribute substantially to the solution.

As indicated previously, we can solve for the object by solving
subsets of equations from the set of equations given by (50). For
example, select all equations involving a fixed w, and write them as a

set of "linear" equations;
AN

J(ﬂ,},}(gl) :Z O/ﬁ}/ “_5_0/) O@lwl//%/@j M/ﬁ,j@’)g(sn

A —]
for &, fixed and [Wou [ <.
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Because the isoplanatic patch is greater than the spread response,
Cq!is Tess than4j . This results in (51) having more equations than
unknowns because there are more values of [w,/¢w. than [0f g/, This
formulation is illustrated in Figure 10 as the selection of a
particular row of T0 and </. The remaining question of the linear
independence of the equations was previously addressed in [1].
Because the subset of equations is based on a fix _ , they are
independent. The equations can be written in vector form as

[ J{Q/U (4/2 )‘Ji_@l = P(&}*&/?Mj/ﬁ'l) M/%'J%)]]{‘ﬁéﬂ’i‘/}]f (/52)
| o Vo

Lo’

I/gv,) = C/gb’,) O{_c_u,) (53)
or

T T
Car Lewy= C/c.u,) C/c,u,) O{zy,) (5)
The solution can be written as

O[.C_U,) = [C ;6-‘%) C(ty’/)j Gé‘u) Ofc_u,) (55)

However, the inverse would not be computed because it depends on

@, and the current estimate and can be used only once. Directly
solving (54) using a linear equation solution method would be more
computationally efficient. This yields an estimate of the object over
a region of radius &, about w,.

To solve for the object over the entire Fourier transform domain, we
choose a sequence of w,'s at which we solve (54). The sequence of
w,'s should start at the origin and “"spiral" out to the diffraction
Timit. The separations between the ¢),'s chosen should be less than
twice 4. to allow the regions of the estimates to overlap and cover
the entire frequency domain, and should be greater than a[ to avoid
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processing redundant information.

The steps of this restoration algorithm for non-isoplanatic Speckle
Imaging can be summarized as follows:

1. Initialize the solution near w,=0 using the first-order
statistics (average image transform).

2. Compute the coefficients of the linearized equations, C(«,),
from the current estimate and the models for atmospheric
disturbance and measurement noise.

3. Crosscorrelate the second-order statistics with C{w,) and
solve (54) for the object.

4, Select a new w, and repeat starting at step Z until the
diffraction limit is reached.

5. Reset &, to zero and repeat starting at step 2 until a
convergence criterion is satisfied or for a predetermined
number of iterations.
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